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In this paper we consider the equation x% +x§ +m§ —l—ar:?1 = N, where N is a sufficiently
large integer and prove that if 7 is quadratic irrational number and 0 < A < %,
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i=1,...,4.
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1. INTRODUCTION AND STATEMENT OF THE RESULT

In 1770 Lagrange proved that for any positive integer N the equation
st astr;=N (1.1)

has a solution in integer numbers z1,...,x4. Later Jacobi found an exact formula
for the number of the solutions (see [8, Ch. 20]). A lot of researchers studied the
equation (1.1) for solvability in integers satisfying additional conditions. There is
a hypothesis stating that if N is sufficiently large and N =4 (mod 24) then (1.1)
has a solution in primes. This hypothesis has not been proved so far, but several
approximations to it have been established.
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In 1994 J. Briiddern and E. Fouvry [1] proved that for any large N = 4 (mod 24),
the equation (1.1) has a solution in x1,...,z4 € P34. (We say that integer n is
an almost-prime of order r if n has at most r prime factors, counted with their
multiplicities. We denote by P, the set of all almost-primes of order r.) This
result was improved by D. R. Heath-Brown and D. I. Tolev [9]. They showed that,
under the same restrictions for N, the equation (1.1) has a solution in prime z; and
almost-prime x5, x3, x4 € P1o1- In their paper they also proved that the equation
has a solution in x1, ..., 24 € Pa25. In 2020 Tak Wing Ching [2] improved this result
with three of them being in P3 and the other in Py.

On the other hand, let us consider a subset of the set of integers having the
form

A={n]a< {nn} < b},
where 7 is a fixed quadratic irrational number, and a,b € [0, 1].
Denote by I(N) the number of solutions of (1.1) in arbitrary integers and by
J(N) the number of solutions of (1.1) in integers from the set A.

In 2011 S. A. Gritsenko and N. N. Motkina [6] proved that for any positive
small €, the following formula holds

J(N) = (b—a)*I(N) + O (N%*3¢) .

S. A. Gritsenko and N. N. Motkina consider many others additive problem in
witch variables are in special set of numbers similar to A. (See [4] — [5] and [7].)
In 2013 A. V. Shutov [12] considered solvability of diophantine equation in integer
numbers from A. Further research in this area was made by A. V. Shutov and A.
A. Zhukova [13].

We consider the equation (1.1), where x; are almost-prime numbers and belong
to a set similar to A. Our result is

Theorem 1.1. Let n be a quadratic irrational number, 0 < A < % and

k= [%} Then for every sufficiently large integer N, the equation (1.1) has

a solution in almost-prime numbers 1, ..., x4 € Py, such that {nz;} < N~ i =
1,2,3,4.

In the present paper we use the following notations.

We denote by N a sufficiently large odd integer and P = N 3. Letters a, b,
k, 1, m, n, q, p always stand for integers. By (n1,...,n;) we denote the greatest
common divisor of ny,...,n. Let ||t|| denote the distance from ¢ to the nearest
integer. We denote by 7 four dimensional vectors and let

|| = max(|nq], ..., |n4])- (1.2)

As usual, p(q) is the Mdbius function and 7(g) is the number of positive divisors
of q. Sometimes we write a = b (¢) as an abbreviation of a = b (mod g).
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We write . for a sum over a complete system of residues modulo ¢ and
z (q)
respectively > " is a sum over a reduced system of residues modulo q. We also
z (q)
denote e(t) = €27,

We use Vinogradov’s notation A < B, which is equivalent to A = O(B). By ¢
we denote an arbitrarily small positive number, which is not the same in different
occurrences. The constants in the O-terms and <-symbols are absolute or depend
on €.

2. AUXILIARY RESULTS

Now we introduce some lemmas, which shall be used later.

Lemma 2.1. Suppose that D € R, D > 4. There exist arithmetical functions
AE(d) (called Rosser’s functions of level D) with the following properties:

1. For any positive integer d we have
IAE(d)| <1, ME(d)=0 if d>D or p(d) =0.

2. If n € N then

SA (@) < 3 u) < 3 At(@).

d|n d|n d|n

3. If € R is such that z*> < D and if

1 AE(d log D
Pi)= [[ » B= 1] <1p_1>, NE= D (p(il)), Sozloggz’ (2.1)

2<p<z 2<p<z d|P(z)

then we have
B<N*t<B (F(so) +0 ((1og D)—%)
, (2.3)

) : (2.2)
B =N~ 2B(f(s0)+0 ((logD)7¢))
where F(s) and f(s) satisfy

F(s)=2e"s7!,  if 2<s<3,

f(s) =2e"s"tlog(s — 1), if 2<s<3,
(F() = fls—1), ifs>3,

(sf(s)) =F(s—1), ifs>2.

Here ~ is Fuler’s constant.

Ann. Sofia Univ., Fac. Math and Inf., 107, 2020, 15-29. 17



Proof. See Greaves [3, Chapter 4]. O

Lemma 2.2. Suppose that AZ»,AZ-i are real numbers satisfying A; = 0 or 1,
A7 <A <A, i=1,2,3,4. Then

AiAsAsAy >ATATATAT + ATASATAST + ATATA; AL+

+ ATATATAL — 3ATASATAS. (2.4)
Proof. The proof is similar to the proof of [1, Lemma 13]. O
Let
wolt) = { e (-44).
and .
x
= ——=. 2.
wle) =un (5~ 3) (25
Lemma 2.3. Let u, 5 € R and
+oo 1
J(B,u) = / wo (:c - 2) e(Bx? + ux)dw. (2.6)
Then:

1. For every k € N and u # 0 we have

1+ |8
|ulk

J(ﬁ7 U) <k
2. The following inequality hold
J(B,u) < min (1,15)7).

Proof. See [9, Lemma 9. O

Lemma 2.4. Suppose that @ € Z* and

J(8.@) =[] (8, wa).

Then we have oo
[ sl <.

— 00
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Proof. Proof can be find in [9, Lemma 10].

Lemma 2.5. There exists a function o(v,q,7) defined for —4 < v <
vl < %, integrable with respect to vy, satisfying

o(v,q, <
70,0, <

and also for every a € Z, (a,q) = 1 we have

> 6(?)0@gn0{é if v € Na,q),

oo otherwise,
where ) )
P P
N(a7Q) = <_ ) :|
q(¢+4q) alg+4q")
and

P<q+d,q+q¢"<P+q,  ad =1(modg),  aq’=—1(modgq).

Proof. See [15, Lemma 45].

For g € N and m,n € Z, the Gauss sum is defined by

G<q’m,n>:ze<mx?+m)

z(q) q

For d = (dy,...,ds) € Z* and 7 = (ny,...,n4) € Z* we denote

4

G(q, ad?, ) = H G(q,ad?, n;).

i=1
We need to estimate an exponential sum of the form

Vo= ‘/Z;(wa,v,ﬁ) = Z*e (Ml) G(q,ad_é,ﬁ).

a(q)

(2.8)

(2.9)

To estimate V, we use the properties of the Gauss sum and the Kloosterman sum.

Lemma 2.6. Suppose that N,q € Nv € Z and d_:fi € Z*. Then we have

Vo(N, dv,7) < q37(q)(q. N) % (g, d1)(q. da)(q, d5) (g, ds).

Moreover, if some of the conditions
(q,d1)|n1, Z:1,74
do not hold, then Vq(N,ch,fi) =0.
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Proof. This result is analogous to this one in [1, Lemma 1]. O

Lemma 2.7. (Liouville) If n is an irrational number which is the root of a
polynomial f of degree 2 with integer coefficients, then there exists a real number
A > 0 such that, for all integers p,q, with ¢ > 0,

A

-
q2

e
q

Proof. See [11, Theorem 1A]. O

3. PROOF OF THE THEOREM

3.1. BEGINNING OF THE PROOF

Let N be a sufficiently large integer. We denote

z=N¢, P(z):l_[p7 §=N"N
p<z
We apply the well-known Vinogradov’s “little cups” lemma (see [10, Chapter 1,
Lemma A]) with parameters

041:1, B = A=— r = [log N]

and construct a function (¢) which is periodic with period 1 and has the following
properties:

9(;):1; 0<0(t)<1 for O<t<g or g<t<6;

0t)=0 for d<t<1.

Furthermore, from the Fourier series of 6(¢) we find

o(t) = g + > e(m)e(mt) + 0P, (3.1)
0<|m|<H
m#0

(6 1 [[log N]\ e
< R
le(m)| < min (2’ |m] <57rm ) ’
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where A is arbitrary large constant and

H= M. (3.2)

Let us denote
0(nZ) = 0(nx1)6(nz2)0(n23)6(nzs)
and
w(Z) = w(zr)w(ze)w(xs)w(xy).
We consider the sum
I = > 0(n@)w(T).

xf+z§+x§+zZ:N
(zi,P(2))=1,i=1,2,3,4

From the condition (z;, P(z)) = 1 it follows that any prime factor of z; is
greater than or equal to z. Suppose that x; has [ prime factors, counted with their
multiplicities. Then we have

(NI

N Zl‘izzl:Nal

and hence | < 5. This implies that if I' > 0 then equation (1.1) has a solution
in almost-prime numbers 1, ..., 24 with at most [5=] prime factors, such that
{nz;y < N7 i=1,...,4.

For i =1,2,3,4 we define

e Y M(d):{1 if (z:, P(2)) = 1, 33)

0 otherwise.

Then we find that

I = > A Ay AsAL0(nE)w(T).
a:f-i—w%-&-x%-i—wi:N
We can write I' as

1
r= Z A1A2A3A49(nf)w(f)/ e(a(z? + 235 + 23 + 22 — N)) da.
T, EL 0

Suppose that A*(d) are the Rosser functions of level D (see Lemma 2.1). Let
also denote
A= > M), i=1,2,3,4. (3.4)
d|(zs,P(2))
Then from Lemma 2.1, (3.3) and (3.4) we find that

A7 <A <AS
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We use Lemma 2.2 and find that
>Iy+Te+Is+Ty — 30,

where I'y,...,I'5 are the contributions coming from the consecutive terms of the
right side of (2.4). We have I'y =T’y =T'3 = T'y and

1
= 3 AT AFASAT 0P (@) / e(a(a? + 22 + 22 + 2% — N))da,
x,EL 0

1
Is=)_ AfA;A;:AZ@(nf)w(f)/o e(a(z? 4 23 + 22 + 22 — N))da.
T, EL

Hence, we get
I >4 — 3T5. (3.5)

3.2. ASYMPTOTIC FORMULA FOR I';

We shall find an asymptotic formula for the integral I';. We have

Ty= Y A (d)AT(d2)AT(dz)AT(ds) Y O(nd)w
di|P(2) 2i=0(d;)

1
></ e(a(zd + -+ 23 — N))da
0

D AT (d)AT(d) AT (ds) AT (da) x

d;|P(z)
1
X O(nz)w(z)e(az?) )e(—Na)do.
‘/O 1£[K4 <3: zO(:d?) ! >
Let
S(a,d,m) = Z w(z)e(ax? + mnz) . (3.6)

Then using the Fourier series of 6(t) (see (3.1)), we find

Z O(nz)w(x)e(a(z?) = Z c(m) Z w(x)e(ax? + mnz) + O(P*A) .
z=0(d) Im|<H z=0(d)
Denoting
S(a,d,m) = S(a, dy, m1)S(a, dg, m2)S(ev, ds, m3)S(a, dy, mys) (3.7)

and

—=

A(d) = A7 (di)AF (do) A (dg) A (dy), (3.8)
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we find that

We divide I'; into two parts:
[ =T9+T5+0(1),

where ~
0 =c*0) Y Ad) > w(7Z)
ri4+ai+ritai=N
and
— 1 —
;= Z A(d) ce(m;) [ S(a,d,m)e(—Na) da. (3.9)
alPG)  ozimien 0
Hence
[ >4T9 - 302 + O(If) + O(I%) + O(1). (3.10)
log D
According to [1] and [9], for D < P'/8=¢ 5 = E)ggz = 3.13 the estimate
CON
AT =319 > ———— + O(6P3/*+<p? 3.11
1 5 > (log N)* +0( ) (3.11)

with some constant C' is obtained. Thus it suffices to evaluate I'f and I'.

3.3. ESTIMATION OF I'}

In this subsection we find the upper bound for I'; defined in (3.9). The function
in the integral in I'] is periodic with period 1, so we can integrate over the interval

7 defined as ) )
7= 1 .
<1+[P1 +1+[P1>

We apply the Kloosterman form of the Hardy-Littlewood circle method. We divide
the interval only into large arcs. Using the properties of the Farey fractions, we
represent Z as an union of disjoint intervals in the following way:

= U £z,

q<P a=1
(a,q)=1

where ) .
a
£(CL, Q) = ( -

a
=+
q qlg+d) q qlg+4q")
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and where the integers ¢’, ¢’ are specified in (2.7). Then

Z A(d) Z c(m;) Z Z / > (a, d, m)e(—Na) dov.

di| P(2) 0<imgl<H a<P o=l

We change variable of integration a = 4 + [ to get
q

Sod Y )Y >

di|P(2) 0<imsi<H q<P (aaq)l )
x/ S<a+ﬁ,£m)e<—N(a+5>>d5,
M(a,q) q q
where ) )
M(a,q) = (— ] .
(@) (¢+4¢) qla+4q")

From (2.7) we find that

1 1 1 1
hqp’ qu} < Misg)c {_qP’qP]
and hence

wsqip for e Ma,q). (3.12)

Now we consider the sum S(«, d;, m;) defined in (3.6). As n is irrational
number, ||sn|| # 0 for all s € Z. Using that fact and working as in the proof of [9,
Lemma 12], we find that for § € M(a,q) we have

a P n
S|-+ ,di,mi>= J( P, (m; —P)G , ad}, n)+
(q ﬁ diq Z B ( n diq) (q )

\n—midquKMz
+O(P75), (3.13)

where G(g, m,n) and J(vy,u) are defined respectively by (2.8) and (2.6), B is an
arbitrarily large constant, M; = d; P¢, € > 0 is arbitrarily small and the constant in
the O-term depends only on B and . We leave the verification of the last formula
to the reader.

Let
7 * alN a o
rea = Z e(mi) Z Z N S{—+p8,d,m|e(=BN)dB.
plie o 4<Pa(q) 4/ Imaa \4
It is obvious that )
Ti= ) MdF(P,d) (3.14)
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Using (3.13) and Lemma 2.3 we get

- -

F(P,d)=F*(P,d)+0(1), (3.15)
where
- Pt 1 * alN
F*(P,d)= ———F— c(my) — e(—)x
dydadsdy 0<\§SH IISZP q4(;q) q
1,2,3,4

—

J(,BPQ, (7 — ?)P>e(—7)d7.
(a,9) dg

X > Gl(q, ad?, ) /

[ni—midiqn|<M; N
Using Lemma 2.5 and working as in the proof of [14, Lemma 2] we find that

F*(P, d) = F (P, d) + O(P*%%%), (3.16)

- p? 1 L
F (P, d):m Z C(mi)ij Z Vo(N, d, 0, 1) x
q<P

0<|m;|<H [ng—m;diqn| <M;
i=1,2,3,4 (a,d;)|ng, i=1,...,4

—

x /M< . J(% (17 — %)P)e(—v)d%

=2q

and Vg (N, d,0, 1) is defined by (2.9). We represent the sum F (P, d) as

/ —

F (P, d)=F +F,, (3.17)

where F} is the contribution of these addends with ¢ < @ and F5 for addends with
Q < q < P. Here Q) is parameter, which we choose later. Using Lemma 2.3 (2),
Lemma 2.6 and (3.1), we get

X

Pt DS ¢**7(q)(q, N)'/*(q, dv)...(q, da)

¢t
0<ImiI<H Q<q<P ( )
<l 3.18

X Z 1.

In;—mgdian|<M;
(q,d;)|n;,i=1,....4

It is clear that the sum over 7 in the expression above is

My Mo M3 M,
< H Z 1< 142 4VE3 1vlg
1<i<4 —M;+md;an M +m;d;an (Q7d1)(Q7d2)(Q7d3)(Q7d4)

(a,d;) (a,d;)
Pedqd
< 1d2d3dy ’
(Qa dl)(Qa d2)(Qa d3)(qa d4)

<t; <
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which, together with (3.18) and (3.2), gives
7(q)(g, N)'/?

Fp < P*** Z 3/2
Q<q<P 4

Now we apply Cauchy’s inequality to get
9 1 1
Z (q) \? Z (¢, N)\?
q 7
Q<qg<P Q<q<P (3 19)
1 \? _ pre '
prte t —_— —_—
<P (T ¥ ) <o

t|N Q P
‘ T<an<%

t<P 't

F2 < P2+E(

To evaluate F; we firstly apply Lemma 2.4 to get

ii ii ot
Jv, (mi——=)P||dy < 7— —=)P .
/|7<§q <7 (mn dq) )‘ ! (|(mn dq) |>

Then using Lemma 2.6 and (3.2) we obtain
5/2T(q)(q7 N)1/2(q7 dl)(q7 d4) %

p? q
< E y
dydadsdy <0 q

<D

|n;—m;d;qn|<M;
(q,d3)|n;,i=1,...,

1 T (3.20)

En

(mn —

It is clear that if n; = (g, d;)t;, d; = (¢, d;)d} and

1 P(q, d;
)P| gﬁi — midingl

mn — =
[m: diq qd;
then the sum over (mn — d%)P in the expression above is
<1 > ! (3.21)
P v max (g, di)|t; —mding|/d; .
[ti—midjqn| <y 1S4
Let t9 is such that
|7 = mading| = || = madyng|| = [[madyngll

As 7 is quadratic irrational number, then ||miding|| # 0 and for ¢; # ¢ we have

|t1 — m1ding| > 1/2. Hence
(q7 dl)

dl‘ ti — id/v
(g, di)| m;ding| >
d1

max
1<i<4 dy

)
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which, together with (3.21), gives

q 1
P 2 a,  ax (g, di)[ti —midingl/d;
[t:—midjqn|< gy 114
< q< dy My Mo M My n di My M3 M,y )
P (qa dl)z(q7 d2)(q7 d3)(q7 d4) (q, dl)(q, dg)(q, ds)(q7 d4)||m1d/1nq‘|
P Ddydsdsd Pe=1d. dodad
< q 1020304 4 q 1020304 (3'22)

(Q7 dl)z(qa d2)(Q7 dd)(q7 d4) (qa dl)(Q’ d2)(Q7 dS)(q7 d4)||m1d/177Q|| .

As 7 is quadratic irrationality, it has periodic continued fraction and if b—n, neN

n
is the n-th convergent, then b, < (™ for some constant ¢ > 0. Using that

HD
lmidigll < ——

(d1, q)

a
we can find convergent 3 to 1 with denominator such that

and Liouville’s inequality for quadratic numbers (see Lemma 2.7),

3HDQ HDQ

Since (a, b) = 1 we have that mld’lq% ¢ 7. As

1
n— Z‘ < 0 and (3.23) we get

a a my|diq
(=) | = ]| - 5

b2

a
s ||| |

S 1 maldigldy, g) 1 maldig
b 3bHDQ ~— b 3bHDQ
1 Jm 1 1 _2
b 3bH ~b 3b  3b
(dla Q)

> HDQ .

From (3.21) and (3.22) it follows that
Z 1 < qPE_1d1d2d3d4HDQ
(77'”7 - %)P’ (q’ d1)2(qa dZ)(qa d3)(Q7 d4) .

|n;—m;d;qn|<M;
(g, d;)|ng,i=1,...,4

Then for Fy (see (3.20)) we obtain

<

P'*<DQ yo T N2

v (3.24)

q<Q
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Applying Cauchy’s inequality we get

[N
[N

F < P*eDQ Z T2(q) Z (g, N)

0 q<Q 7<Q q
1
2
p'teD . 1
« T2 Qe | Y
;’g\é th% «
Plt+epD 3/2
< PDQ 32

We choose Q = §'/2PY/2D=1/2_ Then
}jv17 F2 < P7/4+a§—1/4D1/4 )
From (3.14), (3.15), (3.16), (3.17) it follows that
F"lﬁ < D17/4P7/4+€5_1/4 )

The estimate of I'; goes along the same lines.

3.4. END OF THE PROOF OF THEOREM 1.1

From (3.10) and (3.11) we get

ON
T D17/4P7/4+56—1/4 )
> Goa V)i

Then for a fixed small ¢ > 0, A < 1;56, D < N7 and z = DV/313 we
IN

get I' > oo nys So the equation (1.1) have solutions in almost-prime numbers

T1,...,04 € Pp, k= [%} such that {nz;} < N7, i=1,2,3,4.
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