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In a previous paper the author made a conjecture on the minimal degree 4n of the
polynomials, which are identities for the matrix algebra of order 2n with symplectic
involution considered as polynomials both in symmetric and skew-symmetric due to
the involution variables.

In the present paper we establish that the conjecture is not true at least for the case of
the matrix algebra of fourth order by giving an example of such an identity of degree
seven, which is a Bergman type identity.

For the matrix algebra of sixth order with symplectic involution we describe the class of
all Bergman type identities both in symmetric and skew-symmetric variables of minimal
degree (which appeared to be 14). For arbitrary polynomials being identities of the
considered type the question of their minimal degree is still open.
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Let K be a field of characteristics zero with elements «, 3, etc. We call Bergman
type polynomials the following class of homogeneous polynomials introduced by
Formanek [2] and Bergman [1] for investigating matrix identities by means of com-
mutative algebra.

To a homogeneous polynomial in commuting variables

gty stng) = Y optd L thi S € Kty ... tug] (1)

Partially supported by the Bulgarian Foundation for Scientific Research under Grant
MM1106/2001.

83



we relate a polynomial v(g) from the free associative algebra K(z,y1,...,¥n),

v(g) = v(g)(z,y1,--- yUn) = Z apxplyl L TPrypaPrtt, (2)
Any homogeneous and multilinear in ¥y, . ..,y polynomial f(z,y,...,ya) can

be written as
flz,y1,. . yn) = > 0(gi) (T, Yiys -+ s Yin ) (3)

i=(i),....,in )ESym(n)

where g; € K[t1,...,ths1]-
We consider Bergman type polynomials on subalgebras of the matrix algebra
Man (K, x) with symplectic involution defined by

A BY pt -B
(c D)z(-ct A‘)’ )
where A, B,C, D are (n x n)-matrices and t is the usual transpose.

Details on polynomial and *-polynomial identities one may find in [6, 4].

For an algebra R with involution * we have (R,*) = RT ® R~, where R* =
{reR|r*=r}and R~ = {r € R|r* = -r}. Let K(X) be the free associative
algebra. We call f(zy,...,zm) € K(X) a x-polynomial identity for the algebra
(R, *) both in symmetric and skew-symmetric variables if f (rf,...,rt) =0 for all
rfy...,rh e RY and f(ry,...,r;,) =0forallr,...,7, € R™.

One of the reasons to study this kind of identities is the following. The algebra
R~ is a Lie algebra with respect to the new multiplication [r{ ,ry | =r 1y —15 1],
r;,73 € R™, and the identities in skew-symmetric variables for (&, *) are weak
polynomial identities for the pair (R, R™), i.e. the identities of the related repre-
sentation of R~. Similarly, R is a Jordan algebra with respect to the multiplication
riory =vfrf 4050, rf,r¥ € R*, and the identities in symmetric variables are
weak polynomial identities for the pair (R, R™). In this way, the identities both
in symmetric and skew-symmetric variables are the weak identities which hold for
both pairs (R, R~) and (R, R").

In [5] we have discussed the minimal degree of such identities and have made
the following conjecture:

Conjecture [5, Conjecture 3.1]. The minimal degree of a *-identity both in
symmetric and skew-symmetric variables in Ms, (K, *) for n > 2 is equal to 4n.

In the present paper we show that this conjecture is not true (at least for n = 2).
Considering the matrix algebra M;(K, %), we give an example of a Bergman type
polynomial, which is a #-identity both in symmetric and skew-symmetric variables
of degree 7.

For the matrix algebra of sixth order with symplectic involution we describe
the class of all Bergman type identities both in symmetric and skew-symmetric
variables of degree 14, which is their minimal degree.

These considerations are consequences of the following main theorem:
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Theorem 1. Any Bergman type identity in skew-symmetric variables for the
algebra Mon (K, x) with symplectic involution is a *-identity in symmetric variables
as well.

For proving the theorem we need some preliminary results.

Proposition 1. {4, Theorem 1] Let a polynomial f(z,y1,...,yn) of type (3)
be a x-identity in skew-symmetric variables for M, (K,*). Then the polynomial

11 (t2 = 2)(ts = tns1)
1<p<g<n+1
(pg) #(1,n+1)

divides the polynomials g; from (1) for all i = (i1,...,1,).

Lemma 1. Any generic symmetric matriz (with respect to the symplectic in-
volution) is diagonalizable.

Proof. Tt is a well-known fact [6, Theorem 2.5.10] that a (2n x 2n)-matrix z,
symmetric with respect to the symplectic involution, satisfies an equation p(z) = 0
of degree n and its characteristic polynomial is p?(z). Thus any generic symmetric
matrix has at most n different characteristic values. A generic symmetric matrix a
of order 2n has the following presentation in the form (4): A is a generic (n x n)-
matrix, D is its transpose, and B and C are generic skew-symmetric (n X n)-
matrices. If it has less than n different characteristic values, then the same will
hold for any generic symmetric matrix and also for

(]
I = Zpi(eu’ + €n+i,n+i), (5)

i=1

where p; are algebraically independent variables. This is a contradiction, because
x has n different characteristic values. Thus any generic symmetric matrix is diag-
onalizable and we may consider z in the form (5).

Lemma 2. For any polynomial g(t1,...,tn41) of type (1) divisible by the
product [], <j(t,' — t;), the associated polynomial f(z,y1,...,yn) of type (3) van-
ishes on My (K, x) for & being symmetric due to the involution and for arbitrary
Yis--orYn € Mon(K, *).

Proof. According to Lemma 1, the matrix « can be replaced by z = Y"1, pi(es+
€n+in+i). Lhe linearity of f in yy,...,yn allows to consider the variables y;,i =
1,...,n, as matrix units from Ms,(K, x) with nonzero product, namely 3; = e,,p,.,
for p; =1,...,2n. Thus we get

.f(i’y_la vo ,y_n) = U(g)(i" 5.+ )y‘n) = g(ﬁva- . :ﬁpn’ﬁpn“)empnn’
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where g, = p, if p < n, and pp = ppn if n+1 < p < 2n. Since pp, €
{p1,...,pn}, i = 1,...,n + 1, we have pp, = pp; for some i # j. This means
that g(Ppys - -« Ppns Ppnss) = 0 as t; — t; divides the polynomial g(t1, ..., ¢n+1).

Proof of Theorem 1. Let f be a Bergman type identity in skew-symmetric
variables. According to Proposition 1, the considered polynomial in commuting
variables is divisible by the product [[;;(t; —¢;), 1 <7 < j <n+1. Lemma 2
gives that f is a Bergman type identity in symmetric variables as well.

It is known [3, pp. 318-319] that [[z%,2)%,2:] = 0 is a *-identity of minimal
degree in skew-symmetric variables for My (K, *).

The following proposition illustrates Theorem 1.

Proposition 2. The linearization in x5 of the polynomial [[23,22)%,11] is a
Bergman type *-identity for Ma(K, *) both in symmetric and skew-symmetric vari-
ables.

Proof. The proposition follows immediately from Theorem 1, because ({2, z5)?,
1] is an identity in skew-symmetric variables for M, (K, %) and its linearization in
T, is of Bergman type. We shall give an alternative proof and shall show that it is
a consequence of an identity of special form.

First, for a Bergman type identity in symmetric variables of degree n we de-
scribe the general form of its consequence in symmetric variables of degree n + 1.

Let

f@y,y2) = v(ga,2) (@ y1,92) + v(ge) (@, ¥2, ¥1)
= v(g1)(z,y1,¥2) +v(g2)(Z, 2, 11) (6)
= filz,y1,y2) + fo(2, 92, 11)

be a Bergman type *-identity in symmetric variables. We consider its consequence
(in symmetric variables)

A = af(yr =zyy +yiz) + Bf(Y2 = zy2 + y22) + v(zf + fz)
= o[f(y1 = zy) + fy1 = n12)]

+  Blf(y2 = zy2) + f(y2 = yo2)] + (2 f + fz)

= azfi+afo(yy =zy1) + afi(yy = niz) + afoz

+ Bfilys = niz) + Bz fo + Bfiz + Bf2(yr = zy1)

+ vzfi+yxfe + iz + v for = Ay, y2) + A2(T, 42, 1).

The commutative polynomials corresponding to the parts A;(z,y;,y;) and
As(z,y2,11) are respectively

911 = ga,2) = [(a+ )ty + (o + Bty + (B + 7)ts]g1, (7)
921 = g2,1) = [(B + 1)t + (o + B)ta + (a + 7)t3]gs.
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1. Fora=1,8=v=0 (7) gives

g =g, = (b +ta)g,
g21 = go = (t2 + t3)g2.

2. Fora=v=0, =1 we get

g1 = 9’1 = (t2 + t3)0,
g21 = gy = (t1 + t2)g2-

The linearization in y of the pointed in [5, Part 3] identity {[z,y]*,z] = 0 in
symmetric variables is a Bergman type identity of type (3) for which (following (6))

9a,2) = 9(2,1) = 9o = (t1 — t2)(tx — t3)(t2 — t3). (8)

The linearization in y of the identity [[z2,y]?, z] = 0 (in skew-symmetric vari-
ables) is a Bergman type identity of type (3). In this case (7) gives

902 =92 =9 = (& -13)(t1 —t3)(t3 — t3) (9)
= (t1 +t2)(t2 + t3)g0.

We want to show that the linearization of [[z?,y]?,z] = 0, which corresponds
to (9), is a consequence in symmetric variables of the linearization of {[z,y]?,z] =
corresponding to (8).

Applying the first case 1 to the identity in symmetric variables

f(z,y1,92) = v(go)(z,y1,¥2) + v(go)(z,¥2,11),

we obtain the identity f (z,y1,y2) for whlch g1 = (t1 + t2)go and gy = (ta + t3)g0.

Now we apply the second step to f(z,y1,y2) and get f (z, yl,yg) for which
9, = (t2 + ta)(t1 + ta)go and g, = (t1 + t2)(t2 + t3)go. Thus f (z,y1,y2) is a
consequence of f(z,y1,y2) in symmetric variables and holds for M4(K,*) since
91 =g, =gisasin (9).

We point that the identity in skew-symmetric variables of degree 7 [3, Theorem
5] is not a *-identity in symmetric variables. Hence the Bergman type of the
considered polynomials is essential.

Theorem 2. All Bergman type polynomials f of degree 7, which are x-identities
both in symmetric and skew-symmetric variables, are of the form kfy, k € K, for
Jo(z, yl,Jz) fi + f2 = v(9)(z,y1,2) + v(g)(2,y2,41), where g = (t] — t3)(t: —
ts3)(t5 — 13).

Proof. According to Theorem 1, Proposition 1 and the notations in Theorem
2, we write f as f = af, + 8f; for a,8 € K. As f(y; > y2) = 0 is an identity
too, we get afs + 8f1 = 0. It means that (a - 8)fi + (8 —a)fo=0. fa—-8#0,
then fi — fo = 0 is an identity for M4(K, ). The identity given before Proposition
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2 leads to the identity fi + fo = 0. Thus f; = 0 and f, = 0 are identities in skew-
symmetric variables. Calculating fi(p1(e1r —es3)+ p2(ea2 —€44),€12 — €43, €14 +€23)
fori = 1,2, we get

fi = 2p(p} —p3)%e13 #0,
fa = =2pi(p} — p3)’e1s #0,

a contradiction. Thus a — 8 = 0 and f = k fo.
Now we continue the investigations in Mg(K, ).
For n = 3 the commutative polynomial in Proposition 1 is denoted by go, and

v(go)($> Yiy s Yizs yia) - by fO(‘Ta Yiy» Yiz ’yi3)°
Proposition 3. [4, Theorem 3] The polynomial

P(z)ylyy'ZayI}) = fO(xayi“yiza yis) + fO(x3 yisayigayil)
for all (iy,i2,13) 15 a x-identity of degree 14 in skew-symmetric variables for Mg(K, *).

Using the notations

fl . v(QO)(xayl)yZ)y?‘)’ f2 v(QO)(x’ Y1,Y3, y2)’
f3 = v(go)(z,y2,y1,¥3), fa = v(90)(Z,¥3, Y2, Y1),

fs = v(g0)(z,y2,¥3,y1) and fe = v(go)(z,y3,¥1,Y2),
we get that

alfi + fa) + B(fa+ f5) +(fs + f6) =0, o,8,7 € K, (10)

is a *-identity in skew-symmetric variables.
We describe the class of all Bergman type identities of degree 14 in skew-
symmetric variables for Mg (K, *).

Theorem 3. All Bergman type -identities of degree 14 in skew-symmetric
variables for Mg(K,x) have the form (10).

Proof According to Proposition 1, any identity of the considered type has the

form Y0, aifi. As au(fi + fa) = 0, aa(fo + f5) = 0 and a3(fs + fe) = 0 are
identities in skew-symmetric variables, we get the identity

=(ag —a1)fs+ (a5 — 2)fs + (ag —a3)fs6 =0

Considering f(y1 ¢ y2) = 0, f(y2 ¢ y3) = 0 and f(yz & y1) = 0, we get the
following system:

(g — o) fa + (a5 — a2) fs + (as — a3)fe =0,
(ag — 1) fo + (a5 — az) fa + (@ — a3)fa =0,
(g — 1) fs + (as — a2) fa + (06 — a3)f3 =0,
(a4 — o) fi + (s — a2) fa + (g — az)f2 =0
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Using the notations a = (a4 — ), b = (@5 —a2) and ¢ = (ag — a3) and Propo-
sition 3, the matrix A of the considered homogeneous system for the unknowns f1,
f5 and fg has the form

a b c
c =b a
b a -c
—a —c¢ —b

Elementary transformations on the matrix and Mathematica calculations prove
that special polynomials are not x-identities in skew-symmetric variables and they
lead to the only trivial solution for a,b,c. Thus oy = a4, as = a5 and az = ag,
and we get (10).

The main Theorem 1 applied for Mg(K, %) gives

Proposition 4. All Bergman type x-identities of degree 14 both in symmetric
and skew-symmetric variables for Mg(K,*) have the form (10).
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