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In this paper we show that if G is a locally compact group with H closed and H < G
such that dim G/H < oo, then G/H contains a copy of I“0(G/H) where wo(G/H) =
weight of a connected component of G/ H, except perhaps when Ro < wo(G/H) < 280
[13].
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1. INTRODUCTION

In this paper we investigate the existence of Tychonoff cubes of maximal weight
in homogeneous spaces of locally compact groups of infinite covering dimension. We
show that if G is a locally compact group with H closed< G such that G/H = oo,
then G contains a copy of I“0(G/H) where wo(G/H) = weight of a connected
component of G/H except perhaps when Rg < wo(G/H) < 2% [13]. This result,
except for the last exceptional case, was observed before [9, 16]. The proof for the
locally compact case in [9, Theorem 4.2] is incorrect. The elegant proof in [16]
contains a gap, we fix that proof here.

Throughout this paper we fix the following notations. If G is a locally compact
group, G/Gy compact, then G = lim G;, G;’s finite dimensional Lie groups, j € J
—

[14, p. 175]. Let p; : G — G; be the canonical map for all j € J. We may assume
that ker p; is compact for all j € J, hence G = liin G/ker p;.
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The rest of this paper is divided into two sections. In Section 2 we collect some
basic lemmas that are needed to establish our result. In Section 3 we prove our
main theorem, Theorem 3.1.

2. SOME BASIC LEMMAS

Lemma 2.1. (see [9, Lemma 2.1]) Let X be a topological space such that
X = liin{Xi ci € J}, where {X; : @ € J} is an inverse family of topological
spaces, I cofimal C J. Then w(X) < max{Card (I), w(X;) : i € I}, where w(x) =
weight of the topological space .

Proof. Let B; be a basis of X;, Card(B;) = w(X;) for all ¢ € I. Then
{p; "(B;) : i € I} is a basis of X, where p; : X — X; is the canonical map and

Card ({p; (B;) : i€ I}) < ZCard (B;) < max{Card (I), Card (B;) : i €I}
iel

(see [1, E II1.49, Corollary 3]). O

Lemma 2.2. (generalizes [7, Theorem 8]) Let G be a locally compact group,
G/Go compact, H closed, non-open < G. Then:

(i) w(G/H)=1.w(G/H) (= local weight of G/H);
(ii) w(G/H)=w(GN{gHg " : g€ G};
(iii) (generalizes [9, Corollary 2.4 ii]) If G is connected and Y compact totally
disconnected normal < G, then w(G/H) = w(G/HY).
Proof. Let K = N{gHg™! : g € G}. Since G/H = (G/K)/(H/K) and
N{g(H/K)g ' : g€ G/K} =1, and
G/HY = (G/K)/(HY/K) = (G/K)/(H/K).(KY/K) for Y compact normal < G,

we may assume that ({gHg ! : g€ H} = 1. Let p : G — G/H be the canonical
map.

i. Choose {p(V;) : i € I} a local basis at H in G/H such that Card(I) =
1lw(G/H) > Ny, since H is non-open, and for each i € I, let kerp; C V;. Then
({kerp; : i € I} C H, hence (\{kerp; : i € I} =1 and

G/H =1im{G/H. (Vikerp; : i € F finite C I}.

Since G is o-compact, we get w(G/H).N {kerp; : i € F finite C I}} < Ry and
w(G/H) < 1.w(G/H), by Lemma 2.1. Hence we have an equality.
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ii. Case 1: H is compact.

Choose {U; : j € J} a basis of G/H such that Card (J) = w(G/H) and let
{zsH : s € S} be dense C G/H such that Card (S) < w(G/H). For all z € G let
v, : G — G/H be defined by ¢.(g) = g.z.H for all g € G, then

ﬂ{gp;l(ﬁj) czsHeUj, jedy=2Hz !
and
({zHz ' o s €Sy = {e:) (zH) : s € S}
= ﬂ {7 (zH) : z€ G} [2, TGIIL.12, Proposition12]
:ﬂ{sz_l zeGr=1
It follows by the compactness of H that the family of finite intersections of

{ez}(U;) : 2sH € Uj, j € J, s € S} is a local basis at 1 € G, hence w(G/H) >
1.w(G) = w(@), by part i., since G is non-discrete, and we get the desired equality.

Case 2: General case.
Let ker ¢ be compact normal < G, G/ker q Lie group. Then

w(G/H) =1w(G/H) by part @
=1lw(G/(HNkerq)) by virtue of the fiber bundle
G/(HNkerq) - G/H
(G/(H Nkergq)) by part i again
(@) by case 1.

w
w

iii. We have Y < Z(G), Z(G)NH = 1 and since HY = H x Y, we get
(N{gHY g™ ! : g€ G})o < H, hence N{gHY g~! : g € G} is totally disconnected
and therefore < Z(G). It follows that N{gHY g~ ! : g€ G} =Y and

1=n{gHYg™' : g€ G})Y =n{p(9)HY/Yo(g"") : g€ G},

where ¢ : G — G/Y is the canonical map.

Now w(G/H) = w(G), since N{gHg™! : g € G} = 1 by part ii, and
w(G/HY) = w(G/Y), since {p(9)HY/Y¢(97') : g € G} = 1 by part ii again.
Hence we may assume that H = 1.

Note that w(G/Y) =Ry & w(G) = Ny, so we may assume that w(G) > No.
Let C be a maximal compact < G, then

w(@)

w(C) [12, Theorem 13], since w(C) > Ny
w(C/Y) [8, Proposition 12.26]
w(G/Y) [12, Theorem 13].
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The proof of Lemma 2.2 is complete. O

Lemma 2.3. ([17, Theorems 18, 19]) Let G be a locally compact group, G/Gy
compact, H closed < G, G/H connected, dimG/H < oo. Let j € J be such that
dim (G/H kerp;) = dim G/H, and assume that w1 (G/H ker p;) is finitely generated.
Then w(G/H) < Ny.

In particular, a connected locally compact finite dimensional group is of count-
able weight and a compact connected finite dimensional quotient of a locally com-
pact group is of countable weight.

Proof. We have dim Hkerp;/H = 0 and Hkerp;/H = kerp;/H N kerp;
compact. It follows that {K/H : H < K closed < Hkerp;, |[Hkerp; : K| < oo}
is a fundamental system of neighborhoods of H in H kerp; N H.

Note that the function {K/H : H < K closed < Hkerp;, |[Hkerp; : K| <
oo} = {m(G/H) < K < m(G/Hkerp;) : |m(G/Hkerp;) : K| < oo} defined
by K/H — (¢x)#(m1(G/K)) is injective, where gx : G/K — G/Hkerp; is the
canonical map: if H < K, closed< Hkerp;, |[Hkerp; : K;| < oo, ¢ = 1,2, the
exact sequence

(QKanZ)#
e

1 5 m(G/Ky N K) m(G/Hkerp;) 2 Hkerp; /Ky N Ky — 1

gives 071 (K; /K1 N K2) = (qk,)#(m(G/K;). Since m (G/H ker p;) is finitely gen-
erated, {K < mi(G/Hkerp;) : |m(G/Hkerp;) : K| < oo} is countable, hence
w(G/H) = 1.w(G/H by Lemma 2.2 part i) assuming that H is not open in G
< max{Ro, L.w(Hkerp;/H)} < Rq.

In particular, if G/H is compact, let G* be open < G, G*/G( compact (]2,
TGI.84] and [2, TGIIL.36]). Note that G*/G* N H = G*H/H openC G/H and
if {a; : i € L} is a left transversal of G* in G, then G/H = 4@Lai G*/G* N H,

1€

so that G/H = G*/G* N H and we may assume that G/Gy is compact. Since
G/ H ker p; is a compact manifold, we have 7 (G/H ker p;) finitely generated, hence
w(G/H) < Ny. d

Corollary 2.4. (Generalized Wilcox Theorem [11, Theorem 7]) Let G be a
connected locally compact group such that for all x € G, < x> is metrizable. Then
G is metrizable if and only if 1.w(G) < No.

Proof. Let ker p be a compact normal < G, G/ker p Lie group. Then G/ (ker p)g
is finite dimensional, hence it is metrizable by Lemma 2.3. Mostert theorem [15]

shows that we may assume that G is compact.

Claim 1. ([11, Lemma 1]) (R/Z)** =< x> for some x € (R/Z)“", where wy
is the first uncountable ordinal.
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Proof of Claim 1. Let 1 € H be a Hamel basis of R over Q, sothat R = & Qh
heH

and H is uncountable. Hence there exists 1 ¢ {h, : @ < w1} C H. Now [3, TG
VII.7, Corollary 2] shows that = (h, + Z) € (R/Z)“* satisfies our claim. O

Case 1: G is abelian.

By [5, Lemma 5.2], there exists a continuous surjective homomorphism
a: G — (R/Z)*%) and Claim 1 shows that w(G) < Ry.

Case 2: General case.

If w((Z(G))o) = w(G), we are done by Case 1, so we may assume that
w((Z(G))o) < w(G).

By [4, Theorem 4.2] we have G/Z(G) = HG’“ where G; is compact connected

iel

Lie group for all ¢. Taking a maximal torus in G; for each ¢ € I, we get that
there exists H closed < G and a continuous surjective homomorphism a : H —
(R/Z)C*4() Again, as in Case 1, Claim 1 shows that we must have Card (1) < R.
Now Ny = w(G/Z(G)) = w(G) [4, Corollary 4.3]. ad

Remark. (generalizes [10]) Let G be a locally compact group, H closed < G
such that Card (G/H) < 2%¢. Then 1.w(G/H) < Ny provided the following cardinal
statement holds: X > Rg = 28 > 2%o,

Proof of Remark. Let G* be open < G, G*/G( compact ([2, TGI.84] and [2,
TGIIL36]), then G*/G* N H = G*H/H openC G/H and we may assume that
G /Gy is compact. If L.w(G/H) > Ny, then

2% > Card (G/H)
> obw(G/H) 1y Cech—Pospisil theorem [6, Theorem 3.12.11],

which would contradict our hypothesis. O

3. MAIN THEOREM
Theorem 3.1. ([9, 16]) Let G be a locally compact group, H closed < G. Then

dim G/H P
G/H o= I o z.demG/H<oo,
Jwo(G/H), if dim G/H = oo,
where wo(G/H) = weight of a connected component of G/H except perhaps when
Ry < wo(G/H) < 2% and dimG/H) = oo. (In this case we can only guarantee
that G/H contains a copy of I™°).

Proof. If dimG/H < oo, let G* be open < G, G*/Gy compact ([2, TGIL.84]
and [2, TGIIL.36]), then G*/G* N H = G*H/H open C G/H. Hence dimG/H =
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dim G* H/H and we may assume that G/G is compact. There exists ker p compact
normal < G, G/kerp Lie group and dim G/H kerp = dim G/H. The fiber bundle
G/H — G/H kerp proves our assertion in this case.

If dimG/H = oo, then dimG/(GoH)~) = 0 by [2, TGIIL36, Corollary 1],
hence dim((GoH)~/H) = oo and since wo(G/H) = w((GoH)~/H) ([2, TGIIL.36,
Corollary 3]), we may assume that G/H is connected.

Let G* be open < G, G*/Gy compact ([2, TGI.84] and [2, T'GIIIL.36]). Note
that if {a; : j € J} is a complete system of representatives of the double coset
decomposition {G*zH : x € G} of G, then G/H = @JG*ajH/H and

Jj€

G*/G* N ajHaj_1 ~ G*a;H/H open C G/H,

so that G*/G* N H =2 G*H/H = G/H and we may further assume that G/Gy is
compact.

Let K =N{gHg™ ' : g€ G}, then G/H = (G/K)/(H/K) and we may assume
in addition that N{gHg™! : g € G} = 1.

Let ker p be a compact normal < G such that G/ ker p be Lie group and suppose
that w(H (kerp)o/H) < w(G/H (kerp)o). Then

l.w(H(kerp)o/H) < 1.w(G/H (ker p)o)

by Lemma 2.2(i), and the fiber bundle G/H — G/H (kerp)o provided by Mostert
theorem [15] shows that 1.w(G/H) = 1.w(G/H (kerp)o), hence, by Lemma 2.2(i)
again, w(G/H) = w(G/H (kerp)o). The fibration G/(kerp)g — G/H (kerp)y in-
duces a surjective map of the arc components (G/(kerp)o)e — (G/H (kerp)o)a,
and since (G/(kerp)o), is Souslin [7, Theorem 7.2], it follows from the fibration
G — G/H (kerp)o that (G/H (ker p)p), is Souslin and dense in G/ H (ker p)o, so the
later space is separable. Therefore

Ro < w(H (kerp)o/H) < w(G/H(ker p)o) = w(G/H) < 2%

by [6, Theorem 1.5.7], and this is the exceptional case that should be avoided [13], so
we may assume that w(G/H (kerp)o) < w(H (kerp)o/H). Then the same argument
as above shows that w(G/H) = w(H (kerp)o/H), and since (ker p)o/H N (ker p)o =
H (ker p)o/H, we may assume further that G is compact connected.

Therefore we reduced our theorem just to the case of G compact connected
group, H closed < G, dimG/H = oo and N{gHg™! : g€ G} = 1.

Let 6 be the minimum ordinal such that Cardd = 1.w(G) ([1, E II1.87, Ex
10]). Let {U, : o € 0} be a fundamental system of open neighborhoods of 1 € G
and for all o € 0, let kerp;, C U,. Define a well ordered system of compact
normal subgroups of G under inclusion, {Y, : a € 8}, by: Yy = kerp;,, and for
0<act Y, =n{kerp;, : B < a} such that G/Yp is a non-trivial Lie group,
Yy : @« €0} =1,Y,/Yqy1 Lie group. Therefore, we have a well-ordered inverse
system {G/HY, : a € 0} and G/H = liinG/HYa. We have:
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i. G/HYj} is a non-trivial Euclidean manifold and 8y < w(G/HY,), « € 6;

ii. the canonical map ¢u,a+1 : G/HYa41 — G/HY, is a fiber bundle with a
compact Euclidean manifold as fiber, o € 6;

iii. if @ € 0 has no predecessor, then G/HY,, = liin{G/HYg : B <al.
Suppose that Card § > Ry and assume that there exists o € 0 with w(G/HY,,) =

w(G/H). Let ap = min{ar € § : w(G/HY,) = w(G/H)}, then ag has no predeces-
sor, since otherwise ag = 8+ 1 and

w(G/HY3) =1w(G/HYp) by Lemma 2.2(i)
=1.w(G/HY341) by condition ii. above
=w(G/HYp41) by Lemma 2.2(i) again.

Furthermore, Card ag > Ry, since otherwise w(G/HY,) = Xy for a < g and hence
Cardf = 1.w(G) = w(G) =w(G/H) = w(G/HY,) = Xy by condition iii.

Applying the principle of transfinite induction ([1, E IIL.18, C59]) using con-
ditions ii. and iii. and Lemmas 2.1 and 2.2, we get w(G/HY,) < max{Rg, Card a}
for a < ap. Hence

Cardf = 1.w(G) = w(G) =w(G/H) = w(G/HY,) < max{®y, Card ap} = Card o,
and ag = 0. Therefore Ry < w(G/HY,) < w(G/H) for all a € 0, if Card > Ry.

Claim 2. There holds

{a €0 : dim(HY,/HYo+1) > 0} cofinal C 0.

Proof. Assume the contrary, then there would exist v € 6 such that for all v <
a€b, |HY,/HY 1| < oo and dim(HY, /HYj3) = 0 for all v < S €6 (since otherwise
if vo = min{y < g8 €6 : dim(HY,/HY3) > 0}, then o would have no predeces-
sor and HY,/HY,, = liin{HY,y/HYﬁ : v < B <7}, hence dim(HY,/HY,,) = 0,
which is absurd.

We have HY,/H = lim{HY,/HYs : v < B €0}. Hence dimHY,/H = 0.

“—

Since dim G/H = oo, we must have Cardd > Xy. We have (Y,)o < H. Hence
(Y,)o = 1 and Y, is totally disconnected. Lemma 2.2(iii) shows that w(G/H) =
w(G/HY,), which is absurd. O

Claim 3. There holds

Ord(-(a€ @ : a=0+1, |[HYs/HYp41| <o0})=86.
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Proof. Since Ord(0_-(a € 0 : o= B+ 1, |HY3/HY311| < 00}) < 6, it suffices
to show that Card(0_-(aw € 0 : o = g+ 1, |HY/HYp+1| < oo}) = Cardf. If
Card 8 = N, this is clear from Claim 2. If Cardf > R, then

Cardf > Card(f-(a €0 : a=p+1, |HY3/HYps11| < oo}
> Card ({o € 6 : @ has no predecessor }) = Card?,

since 6 = U {a¢+n €0 : a has no predecessor }  (disjoint union). 0
n>0

By Claims 2 and 3 we may further assume that dim(HY,/HY,41) > 0 for all
v eb.

An application of the principle of transfinite induction ([1, E 111.18, C 59])
shows that for all a € 0, G/HY, D I® such that @ < 8 € 0, pa | : 1P — I¢
is equivalent to the projection map onto the first factor by virtue of conditions ii
and iii. We get G/H = G/HYy 2 I as desired since Cardf = 1.w(G) = w(G) =

w(G/H). O
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