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1. INTRODUCTION

In [1] Lacombe and in [2] Moschovakis have defined different kinds of com-
putability in abstract structure. The first one uses enumerations of the structure
and the second one, called search computability, uses only the functions and pred-
icates in the structure. Mosckovakis [3] has proved that both computabilities are
equivalent in the case when the equality is among the basic predicates. Soskov [4]
has proved that both computabilities coincide in the general case.

Skordev has defined an “effective” version of Lacombe’s computability as fol-
lows: It is said ¢ is effective in (ag, Bo) iff ¢ has a partial recursive “associate”. It
is said ¢ is e-admissible iff ¢ is effective in all effective enumerations of the structure
2A. Skordev has stated a conjecture in the case when the structure has at most a
denumerable domain, and it admits an effective enumeration. Skordev’s conjecture
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is that e-admissibility coincides with search computability. Attempts were made to
prove Skordev’s conjecture [5, 6, 7, 8]. They were successful for some special cases,
but not for the general one. As Manasse, Chisholm, Vencov [9, 10, 11] showed, the
above mentioned conjecture wasn’t true. Nevertheless, it is interesting to know for
what kind of structures Skordev’s conjecture is valid. The author puts the question:
Which are the structures 2 for which we could find effective enumeration {(«g, Bo)
such that, for every function ¢, ¢ is effective in {ag, o) iff ¢ is e-admissible. Such
kind of enumeration we shall call an ezact effective enumeration. In his master
thesis Stoyan Atanasov showed that there exist exact effective enumerations for
the structures with only unary total functions and no predicates. It is natural to
expect that this kind of enumerations have to have some minimal(maximal) prop-
erties. In this paper we investigate exact enumerations for the structures with only
total functions and no predicates. Different partial orders can be taken in the set
of enumerations. Here we choose a partial order in the set of enumerations as the
one in [12]. We prove that for total structures there exist exact enumerations. Fur-
thermore, there exist infinitely many mutually incomparable exact enumerations.
It is shown that above (in the considered partial order) every strongly effective
enumeration there exists an exact enumeration.

2. PRELIMINARIES

In this paper we use w to denote the set of all natural numbers. We shall recall
some definitions from [4, 7].

Let A = (B;61,...,0n;%1,...,5k) be a partial structure, where B is an arbi-
trary most denumerable set, 61, ..., 0, are partial functions of many arguments on
B, and ¥1,...,Y are partial predicates of many arguments on B. The relational
type of A is the order pair ((ki,...,kn), (l1,...,l;)), where each 0; is k;-ary and
each ¥; is [;-ary. We identify the partial predicates with partial mapping taking
values in {0, 1}, writing 0 for true and 1 for false. We use also Dom(f) and Ran(f)
to denote the domain and the range of the function f respectively.

An effective enumeration of the structure 2 is any ordered pair («, B) where
B = (W;1,---,Pn;01,...,0k) is a partial structure of the same relational type as
2, and « is a surjective mapping of w onto B such that the following conditions
hold:

a) ¢1,...,p, are partial recursive (p.r.) and o1,...,0% are recursively enu-
merable (r.e.);

b) a(pi(z1,...,zk,)) = 0;(a(z1),...,a(zy,)) for every natural numbers 1, . . .,
Tr,, 1 <4 <m;

c) oj(wy,...,x1;) =2 Xj(a(z1),. .., a(xy)) for all natural numbers

1, @y, 1< < k.

If 6 is a partial function of m variables on B, then we say 0 is effective in the
enumeration (o, B) iff Dom(f) # 0 and there exists such p.r. function f that for
all natural numbers 1, ..., %y,

9(04(7;1); s 705(Zm)) = a(f(ila s 7Zm))
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We exclude the trivial case of an empty function because it doesn’t depend on any
enumeration.

It is said that 6 is e-admissible in the enumeration (o, B) iff 0 is effective in
every effective enumeration of the structure 2.

We say that («,Bo) is an exact effective enumeration if it is an effective enu-
meration, and for every partial function €, 6 is e-admissible iff 6 is effective in
(Oé7 %0> .

It is well known that there are structures which don’t have effective enumer-
ations [13].The above definitions don’t make good sense in all those cases. We’ll
consider those definitions only in case when the structure admits an effective enu-
meration. Actually, when the structure has only total functions and no predicates
it admits an effective enumeration.

There isn’t an established definition for partial order of the set of enumera-
tions. There are different possibilities to define partial order, depending on different
reducibilities in the set of all sets of natural numbers and aims of research. Here
we shall take one of the possibilities, connected with m-reducibility.

Definition 1. It is said that (ao,Bo) < (o, B) iff there exist partial recursive
function f such that for all natural numbers n,

It is said that (oo, Bo), (o, B) are incomparable iff neither (g, Bo) < (o, B) nor
<Oé, %> < <a0, sBQ>

Let £ be the first order language corresponding to the structure 2, i.e. L
consists of n functional symbols fy,...,f, and k predicate symbols T4q,..., Ty,
where f; is k;-ary and T is [;-ary. We add a new unary predicate symbol To which
will represent the unary total predicate Xg, where 3g(s) = 0 for all s € B.

Let us have a denumerable set of variables. We shall use capital letters X,Y, Z
and the same letters by indexes to denote variables.

If 7 is a term in the language £, then we write 7(X1,..., X)) to denote that
all the variables in the term 7 are among X1,...,X;. If s1,...,s are elements of
B and 7(X1,...,X;) is a term, then by 79(X1/s1,...,Xi/s1) we denote the value
of the term 7 in the structure 2 over the elements sy, ..., s;, if it exists.

We intend to show that all structures with total functions and no predicates
have effective exact enumerations. Let from now on 20 = (B;60y,...,0,) be an
arbitrary structure, where 61,...,60, are total functions and B is a denumerable
set. The case when B is a finite set is analogous. As in [7] we shall construct a
special kind of enumerations. Later this kind of enumerations is generalized and
called normal enumerations [4].

Let (p1,...,pn)be some fixed coding function of all finite sequences of natural
numbers.

Define fz(plaapkl) - <Z - 1ﬂp17"~7pki>7 i= ]-a' - and
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No =w )\ (Ran(f1)U---URan(fx,)). It is obvious that Ny is a recursive set. For
every surjective mapping a of Ny onto B(called basis) we define a partial mapping
of w onto B by the following inductive clauses:

(i) If p € No, then a(p) = a°(p);

(i) If p = filq1, -, qr,), a(qr) = S1,. -, a(qr;) = Sk, and 0;(s1,...,8%,) = t,
then a(p) = t.

It is well known that « is well defined and let B = (w; fi1,..., fn). We shall
recall some obvious propositions for such kind («, B). The proofs are the same as
in the case of normal enumerations [4].

Proposition 1. For every 1 <i <n and p1,...,pk; €W,

a(fi(p17 e 7pk7,)) = ei(a(pl)a s 7a(pki))'

Corollary 1. Let 7(Y1,...,Y:w) be a term and p1,...,pm € w. Then

a(T%(Yl/pla e 7Ym/pm)) = Tm(a(pl)a .- aa(pm))

Corollary 2. (a,B) is an effective enumeration.

Proposition 2. There exists an effective way to define for every p of w ele-
ments qi, ..., qm € No and term 7(Y1,...,Yy) such that

p= T%(Yl/pla .. aYm/pm)

A term 7 which we define by the above proposition from the natural number
p we will denote by 77.

We can define the just mentioned enumerations also in the following way. Let
B = {ag,a1,...}, where ag, a1, ... are different. Let Ag, Aj,... be a sequence of
disjoint subsets of Ny such that | J,.  A;. We define [Ag], [41], ... as follows:

(a) If p € A;, then p € [A;];

(b) 1 <i<mandp €[A;],....pk € [A,,] and ag = 0;(ay,, ..., a;,, ), then
fi(pla s 7pk-;) € [Aq]

Taking a”(A;) = a; we have the basis and then we have a~!(a;) = [4;]. From
now on if we define some sequence [Ag], [41],... of disjoint subsets of Ny we shall
have in mind the above mentioned enumeration.

P1EW

Corollary 3. Let Ay, Ay,... be a sequence of disjoint nonempty subsets of
No. Then {a,B) is an effective enumeration of the structure 2.
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3. THE MAIN RESULTS

Theorem 1. Let A = (B;01,...,0,) be a structure, where 01,...,0, are total
functions. Then there exists an exact effective enumeration {(«,B).

Proof. First we shall recall that in [7] it is shown that all e-admissible functions
in the structure 2, which are defined at least in one point, are exactly all search
computable functions, which in this case are all superpositions of the functions

01,...,0,, projecting and constant functions of many variables.
We will build an effective enumeration (a,B) of the structure 2 building a
sequence Ay, A1, ... by steps. In each step s we will define a sequence Ag s, A1 s, . ..

of Ny such that:

(1) A; s is a finite subset of Ny, i,s € w;

(11> Ai,s g Ai,erla i,S € w.

At the end we will take A; = U;;OSALS and «([A4;]) = a;, i € w. With the
even steps we shall ensure that there is no subset of some Cartesian product of B
different of that Cartesian product of B which is a domain of some e-admissible
function. With the odd steps we shall ensure that the only e-admissible functions
are all superpositions of the functions 64, ...,0,.

Let goék), gogk), ... be the standard enumeration of all partial recursive func-

tions on k variables, Wo(k), Wl(k), ... be the standard enumeration of all recursively

enumerable subsets of w* and B = {ag, a1, ...}, where ag,ay,... are different.
Step s =0. Set A; s =0, i € w.
Step s = 2(e,k) + 1. We check if there exist different elements p1,...,pg,
pll, ce ,p;f of NO \ (AO,s—l @] Al,s—l U.. ) such that:

@) ¢ (1, ., px) and @ ()., p},) are defined;

oy (k)

(ii) e ' (p1,--. ) =p =
T (X1/D1, - Xu/Pks Y1 a1, - Yo @, Zy )71, - s Zn [T,

eB W) =a=
T (X1/00, - XL/ 0 Y1 v, - Y a, Zy ), - Zn [T,
where q1,...,q € No\ (Ags—1 UA1 51 U---U{p1,..., 05D}, D)) and 71, €
Ajl,s—la e,y € Ajm,s—l;

(iii) There exist ai,, ..., a4, ny ;.- -, an, € B such that
Tgl(Xl/ail,...,Xk/aik,Yl/am,...,Yl/am,Zl/ajl,...,Zm/ajm) 75
Tgl(X{/aila cee 7X]Ig/aik;Y1/an17 cee 7}/2/&71“ Zl/aj17 cee 7Zm/ajm)'

It it is so we set A;, s = Aiys—1 U{p1,01},. Aips = Aips—1 U {pk, 0L},
Anl,s = Anl,sfl U {ql}a .. ~;Anl,s = Anl,sfl U {ql} and Ai,s = Ai,sfl for all ¢ g
{#1,- - ik, n1,...,ny}. Otherwise set A; s = A; s—1 for all i € w.

Step s = 2(e, j) + 2. Let p be the least element of Ny \ (Ags—1 UA1s-1U...)
and p € We(l)7 if such elements p exist. Set A;s = A —1 U{p} and 4; s = A, 51
for all @ # j, if such elements exist. Otherwise set 4; s = A; s—1 for all ¢ € w.

Ann. Sofia Univ., Fac. Math and Inf., 100, 2010, 35—46. 39



We fix A; = UjjSAi,S, a([A;]) = a;, @ € w and construction is completed.
Lemma 1. For every natural number s, Ags—1 U A1 s_1U... is finite.

Proof. For every step s we add only finitely many numbers to
A075,1 UALS,lU.... O

Lemma 2. Let e be such that We(l) is infinite. Then for every j € w there
exists p € We(l), such that p € A;.

Proof. Let j be an arbitrary element of w. Then on step s = 2(e, j) + 2 we find
pE We(l) such that p € Ny. Then we set p € A, , C A;. O

Corollary 4. For every natural i, A; is infinite and immune and [A;] is not
recursively enumerable.

Proof. Indeed, for every infinite r.e. subset We(l) of Ny and every element
a; € B there exists an element p € We(l) such that p € A;. Therefore, A; is infinite
and Wi n (No\ A;) = wn (Uj2iAj) # 0, i.e. A; is immune and not recursively
enumerable. O

Analogously one can prove the following

Corollary 5. For every nonempty subset L of w, L # w, U;ep A; is infinite
and immune and U;cr,[A;] is not recursively enumerable.

Corollary 6. For every natural m > 1 and every nonempty subset L of w™
such that L # w™ the set

M = U{(plaapm)El]l El]m[(]ly,]m) S L&pl S Ajl&' &:pm S Ajm]}

s mot recursively enumerable.

Proof. First we claim: there exist coordinate i, 1 < ¢ < m, and j1,...,Ji—1,
ji-i—l; . ,jm such that the set L' = {J|(]1; . 7ji—1;j7j’i+1; . ,]m) S L}, which
is an i-th projection of L for the fixed j1,...,Ji—1,Ji+1,--»Jm, i nonempty and

L’ # w. For the sake of simplicity let m = 2. Since L # (), there exists (51, 75)
such that (j1,75) € L. Analogously, L # w? and there exists (i1,i2) such that
(i1,i2) & L. If (ji,i2) € L, then fix ¢ = 1 and jo = 42 and the claim is true;
otherwise (j1,i2) € L, (j1,75) € L, fix i = 2 and j; = jj. Thus the claim is true
again.

Let us assume that M isr.e. Then for some fixed ¢ and j1, ..., Ji—1, Jit1,---+Jm
the set

L' ={jl(1,- -+ Ji=1:Js Jit1,---»Jm) € L} #0 and L' # w. Let
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A = {arl(aj,, ... a5, a5, a5, ,,-..,a;5,) € A}. Then

M’ = {p|3jlp € A;j&a; € A']} = UjerrA;. According to the previous corollary,
M’ is not r.e. On the other hand, if we fix

p1 € Aj, .. ,pic1 € Aj, |, Dit1 € Aj s Pm € A}, then

M’ = {p|3jlp € Aj&(j1, -, Ji-1,7, Jit1,---»Jm) € L]} =

{pEpjl s Elpji—lzlpji+l s Elpjm [(pj17 w9 DPji 1Py Pjigas - - - ’pj'rn) € M]} is r.e.
The obtained contradiction shows that the assumption is wrong. (]

It is easy to check the following

Corollary 7. For every natural m > 1 and every nonempty subset L of w™,
such that L # W™

U{(pl7 .. ,pm)|3j1 - Hjm[(.jla . ,jm) S L&p1 c [A_]l]& . &pm S [A]m]]}
s mot recursively enumerable.

Corollary 8. For every natural m > 1 and every nonempty subset A of B™
such that A #+ B™

U{(pl, e ,pm)|2|]1 e Eljm[(ajl, ceey a’jm) S A&p1 S Ajl e &pm S Aj'rn]}
is not recursively enumerable.

Corollary 9. For every function 6 such that Dom(6) C B™ and 6 is effective
in the enumeration (o, B), the equality Dom(6) = B™ holds.

Proof. Tt is an immediate corollary of the previous one. O
Lemma 3. Ny C Dom(a).

Proof. Let us assume that Ny \ Dom(a) # () and pg is the least element
of No \ Dom(a). Then there exists a step s = 2(e,j) + 2 such that pg is the

least element of Ny \ (Ag,s—1 U A1,5-1 U ...) and We(l) = w. At that step s we
have to put pg in some A; C Dom(w). The contradiction obtained shows that
No € Dom(a). O

Now it is obvious that
Corollary 10. Dom(a) = w.

Let 6 be effective in (a, B) and Dom(f) C B* for some natural k > 1. Then
Dom(#) = B* and there exists p.r. function f such that for all natural numbers
(ST T

9(0[(7:1), . aa(lk)) = a(f(ila . azk))
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Therefore f is a total function and f = cpt(gk) for some natural e. Let us consider
step s = 2{e, k) + 1.

First assume there are different elements pi,...,pg,p},...,p) of
No\ (Ags—1U A1 s—1 U...) satisfying the conditions (i)—(iii) at step s = 2(e, k) +
1 and fix such elements pi,...,pg,p1,...,p,. Then according to Corollary 1,

a(f(pry-- o) = (@ (o1, .. pr)) =

a(T%(Xl/pl, s Xi/oesYi/a, Y an Za ) e D)) =
(Xi/ap1), ..., Xi/alp), Y1i/alqr), ... Yi/a(q), Z1/a(r1), ..., Zm/a(rm))
:Té’l(Xl/ail,...,Xk/aik,Yl/anl,...,Yl/anl,Zl/ajl,...,Zm/ajm) 7é
TgI(X{/ail,...,X,’C/aik,Yl/anl,...,Yl/anl,Zl/ajl,...,Zm/ajm) =
TgI(X{/Oé(pll)v cee ,X]g/a(p%), Yl/a(ql)a sy K/Q(QI)a Zl/a(rl)a ey Z’m/a(rm))
= OZ(T;%(X{/[)/D .. '7Xl/c/p;cﬂY1/q1a ce a}/l/qla Zl/rla ceey Zm/’l’m)) =

o (ph. ) = a(f (-, ph)).

On the other handa a(f(pla s 7pk)) = e(a(pl)a ceey Oé(pk)) - 9(0,1'1, ceey aik) -
O(a(pl),...,ap)) = a(f(P),...,p)). That contradiction shows this case isn’t
possible. Therefore, there aren’t different elements pi,...,pg,pf, ..., 0} of No\
(Ag,s—1 U Ay s_1 U...) satisfying the conditions (i) — (iii)

Let us fix different p1,...,px € No \ (Ao,s—1 UA1,5—1U...). Then

f(pl,...,pk) = sogk)(ph---,pk) =Dp=

Ty (X1/p1s - Xie/pis Y avs - Y au, Zy )7, - Zn [ T), Where
q1,...,q1 € Ny \ (A07571 U Al,sfl y---u {pl,...,pk}), r, € Ajl’sfl,...,T'm S
A, s—1. Furthermore, for every different p/,...,p). € No\ (Ao,s—1 UA1s—1U---U

{p17"'7pk})) f(pi7"'7p;§) = spgk)(pi7"'7p;§) = q:

T (X1/00, - XG0 Y e - Y d) Za ), - Zi 7)), where
@@y € No\ (Ags—1 UA g1 U---U{p1,...,0k, P15 -5 D),
r1,€ Aj s—1,---,m € Aj,, s—1 and for every
Qiyy oy Qigs Qs o e oy Anys Al ey At € B
Tﬁ(Xl/aiw"'an/aikayl/ann"'7m/anlazl/aj17"'aZm/ajm) =
TgI(Xi/ain AR Xllc/aikayll/an/la ) Yl/’/ang,azl/aju ) Zm/aj'ln)'

Therefore, 0(a(py), ..., a(p))) = a(f(p1, ... p})) =
(T (X1/P1s o X /0 YT 00 Y0 s Za s o Zin 1)) =
o (X1 /@), ..., X a(p)), Y /a(al), ..., Y ala)), Z1/aj,, - ... Zm]a;,,) =
TQpi(Xl/a(pll)v s 7Xk/a(p;c)a Yl/a((h)a sy }/l/a(QI)a Zl/ajla ey Zm/ajm)'

Let g1 € Ap,,...,q € Ay, and 0’ be the function
al(bla .- '7bk) = Tg[(Xl/bla s an/bkayl/anu s a}/l/anm Zl/ajla RS Zm/aj'rn) for
fixed any,...,an,,aj4,,...,a;, . We'll prove that @ = ¢’. Let (b1,...,b) be an ar-
bitrary k-tuple of BX. Take p,...,p, € No\ (Aos—1 UA1 s 1U---U{p1,...,px})
such that a(p}) = b1,...,a(p)) = bg. It is possible because every element of B has
infinitely many numbers. Then §(a(p}), ..., a(p},)) = T (X1/a(®)), ..., Xi/a(p}),
Yi/alqr), ..., Yi/ala), Z1/aj,, -y Zm/aj,,) = 0(b1,...,b) and 0’ is a superposi-
tion of the function 6i,...,60,,, projecting and constant functions of many
variables. O
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Theorem 2. Let A = (B;01,...,0,) be a structure, where 01,...,0, are total
functions. If (ao,Bo) is an effective enumeration in A, then there exists an exact
effective enumeration {(c,B) such that {ag, Bo) < (o, B).

Proof. We shall give only the construction of the effective enumeration. The
proof that it has the required properties is analogous to the previous one.

Let {(ap,Bo) be an effective enumeration in A, Ny the same as in the proof
of the previous Theorem and Ny = N} U N/, where N/, N}/ are infinite recursive

sets. Take recursive f(i) = pJ/, where NJ/ = {p{,pY,...}, gy <p{,<.... Asin the
proof of the previous theorem we will build an effective enumeration («, B) of the
structure 2 building a sequence Ag, A1, ... by steps. In each step s we will define

a sequence Ag s, A1 s,... of Ny such that:
(i) A; s NN is a finite subset of N{, i, s € w;
(11> Ai,s g Ai,erla i,S € w.
At the end we will take A; = U;;OSAZ-,S and a([4;]) = a4, i € w.

Let goék), @5’“), ... be the standard enumeration of all partial recursive func-
tions of k variables, Wék), Wl(k), ... be the standard enumeration of all recursively
enumerable subsets of w* and B = {ag, ay,...} where ag,ay,... are different.

Step s = 0. Set A; s = {plp € NJ&3q[f(q) = p&ao(q) = as]}, i € w.
Step s = 2(e, k) + 1. We check if there exist different elements ps,...,pk,
P,y D) of Ny \ (Ags—1 UAi 1 U...) such that:

(i) gogk) (p1,--.,pk) and wgk) (P}, ..., p),) are defined;

(k)

(ii) we” (p1,.. k) =p =
T (X1 /D1, Xi/oe, Yo au, - Y s Za 1y s Zn ),

A
T‘%(X{/plla s 7X]/<;/p;§5Y1/Q17 s 7}/2/(117 Zl/rla s 7Zm/rm)a
where g1,...,q1 € Nj\ (Aos—1 UA1s—1U---U{p1,...,px,04,...,p)}) and r1, €
Ajl,sfla ceyTm € Aj'rn,S*l;

(iii) There exist @iy, ..., 4, Ang,- - -, an, € B such that
Tgl(Xl/ail,...,Xk/aik,Yl/am,...,Yl/am,Zl/ajl,...,Zm/ajm) 75
To (X1 /iy, Xf i, Y nys o Yo an,, Z1/agy s - s Zi ] aj,,).

If it is so we set A;, s = Aiy s—1 U {p1, 01},  Ains = Aips—1 U {pk, i},
Apis = Anssm1 U{@n}, o Ans = Aps—1 U {q} and A; s = A;s—1 for all ¢ ¢
{#1,.. . ik, n1,...,n}. Otherwise set A, ; = A; s_1 for all i € w.

Step s = 2{e, j) + 2. Let p be the least element of N\ (Ags—1 UA; s-1U...)
and p € We(l), if such elements p exist. Set A;s = A —1 U{p} and A; s = A4, ;1
for all 7 # j, if such elements exist. Otherwise set 4; s = A; s—1 for all i € w.

We fix A; = U5 A; 5, a([A;]) = ai, @ € w and construction is completed. [

Theorem 3. There exist infinitely many mutually incomparable exact effective
enumerations.

Proof. We will build effective enumerations (a;,%B;), j € w of the structure
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2 building a sequence Aé, A{, ..., J € w, by steps. In each step s we will define a
sequence Aé,s, A{,s, ..., of subsets of Ny, j € w, such that:

(1) Ag,s is a finite subset of Ny, 4,7, € w;

(i) Ag,s C A§’s+1, 1,7,5 € w.

With the steps of the kind 3k + 1 we shall ensure for every j that there isn’t
a subset of some Cartesian product of B different of that Cartesian product of B
which is a domain of some e-admissible function for the enumeration (o, B;). With
the steps of the kind 3k + 2 we shall ensure that the only e-admissible functions for
the enumeration (a;, ;) are all superpositions of the functions 6,...,6,. With
the steps of the kind 3k + 3 we shall ensure that (o, B;) € (o, By) for j # k,
J k€ w.

As above, gaék), gagk), ... is the standard enumeration of all partial recursive
functions on k variables, Wo(k), fk), ... is the standard enumeration of all re-
cursively enumerable subsets of w* and B = {ag,ai,...}, where ag,a,... are
different.

Step s = 0. Set Ais =0,i,j €w.

Step s = 3(e, k, j) + 1. We check if there exist different elements
Pl s Dl D1y P Of No\ (A, UA], ;U...)
such that:

(1) gaek (p1,-..,pr) and cpgk) (p,...,p},) are defined;

T%(Xl/pla---7Xk/pk;Y1/CI17---7Yl/QZ7Z1/7“1;---7Zm/7“m)a

pe (PLs--Dp) =q=
T%(X{/plla'"7X]lg/p;gayl/q17"'71/l/ql7Z1/Tla---7Zm/rm)a
where g1,...,q1 € No \ (A} UA] U U{p1,..., Pk, P, P} }) and 71, €
Al gyt € Ao

(iii) There exist ai,, ..., a4, ny,y--.,an, € B such that
Tgpl(Xl/ail,...,Xk/aik,Yl/am,...,Yl/am,Zl/ajl,...,Zm/ajm)75
Tgl(X{/ail,...,X,’c/aik,Yl/anl,...,Yl/am,Zl/ajl,...,Zm/ajm).

If it is so we set A=Al U {p1, PP}, ’Agk,s' = Agk',sq U {p, P},
A o= A Uiah LAY = A%l,sq U{q} and Al = Al forallig
{i1, o sik,ma, .. ;). Otherwise set Af | = A ) forall i € w.

Step s = 3(e, k,j) +2. Let p be the least element of Ny '\ (Ag)ygﬁ1 UA{’Sf1 U...)
and p € We(l), if such elements p exist. Set Ai s = Ai <1 YU{p} and Ais = Ag7s_1
for all i # k, if such elements exist. Otherwise set Ais = A{,sq

Step s = 3{e, k,j) + 3.

Let first k& # j, wgl) be a total function. Let p be the least element of Np \
(Al(g,sfl U Allf,sfl U... )7

o (p) = 0= mh(X/p.Yi/ v, Yifar, 11, .. Do), where
qai,---,q € No \ (A67571 U AJ17571 U---u {p}) and 71 € Agl,s—h s Tm € A;m#—l'

Fix A} = A} U{p,q1,...,q} and A] = A] | fori#j,icw.

for all 7 € w.
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We check if 79(X/a;,Y1/a;,...,Yi/a;, Z1/a;,, ..., Zm/a;,) = a;j. If so, fix
Af g = Ay U{p} and Af = A}, | fori # k, i € w; otherwise fix A}_, =
Af o U{ptand Af = AF fori#k—1icw.

Fix Al, = AV | fori,i' € w, i’ & {j,k}.

In case either k = j or goél) is not a total function, fix Ag:s = A7

%,s—l
i" ¢ {j, k}. , _ ,

At the end we fix A} = U;r:"SAiS, a;l([Ag]) = ay, 1,j € w, and construction is
completed.

The proof that (a;,B;), j € w, is an exact effective enumeration is analogous
to the previous ones. We’ll concentrate on the proof that (a;,B;) and (o, By)
are incomparable.

Let us assume that (o, Br) < (a;,B;). Then there exists a total recursive

for 4,7’ € w,

function f such that for all natural p, oy (p) = a(f(p)). Let f = oM consider the
step s = 3(e, k, j)+3 and let p be the element belonging to No\ (Af ,_,UAf ,_U...)
chosen on that step.

Then go(el)(p) =q= T%(X/p, Yi/qi, ..., Yi/a, Z1/7'“17 s Do/ Tm)s where
Qs @ € No\ (Ag sy UA] U U{p}),mm€A] . \,...,rm €A | and
A;’S = A;ykl U{p,q1,---,q}-

We have to consider two cases. We'll consider only the first one:
Tgl(X/aj,Yl/aj,...,Yl/aj,Zl/a]-l,...,Zm/a]-m) = aj.
Then Aﬁjs = A’,;s_l U{p}, ax(p) = ar # a; =

aj(TgI(X/aj,Yl/aj, .. .,Yl/aj,Zl/ajl, . .,Zm/ajm)) =

TgI(X/aj(p)a Yl/aj((h)a s 7}/2/aj(QI)v Zl/aj(rl)v SRR Zm/()éj(’l’m)) =

o (rip (X/p. Vi /qr, - Yo/ @ 2o, Do frn) = (@) = (ot (p) =

a;(f(p))-

The contradiction obtained shows the assumption is not true. O
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