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We show that a formula given by Nikola Obreshkoff yields in a very simple way
the Bernstein comparison theorem.
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Denote by f(zg,...,zn] the divided difference of f at the points zq,...,z,. It
is well-known that if f € C"[a,b] and a < 2o < -+ < &, < b, then there is a point
€ € [zo, zn) such that

f[.‘l:o,...,:l.‘n]: YR (1)

Another basic fact from calculus is the following mean value theorem: If f and ¢
are continuously differentiable in (z,y) and g(t) # 0 for all t € (z,y), then there
exists a point £ € (z,y) such that

f@) - fW) _ ()
0@ =) - 7E) 2)

Nikola Obreshkoff [1] has obtained a formula which extends both (1) and (2). He
has exploited it to establish various inequalities for differentiable functions.

* Invited lecture delivered at the Session, dedicated to the centenary of the birth of Nikola
Obreshkoff.
The research was supported by the Bulgarian Ministry of Science under Contract No.
MM-414. ’
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Obreshkoff’s formula. Assume that f and g are from C™)[q, b] and g™ (2) > 0
on [a,b]. Then for every set of points zo < --- < z, in [a,b] there ezists a point
£ € (zg,zn) such that

flzo, . xn] _ FU(E)
glzo,. .., 2n) g(")(E)'

Proof. Set

A= f[l'o,...,:cn].
glzo, ..., zn)

Note that g[zo, ..., z,] = g(™)(t) for some ¢ € [zo,z,] and thus g[zo, ..., z,] # 0.
Consider the function

p(z) = f(x) — Ln-1(f; 2) — Afg(z) — La_1(g; 2)],
where L,,_1(h;z) is the polynomial from m,_; which interpolates h at z;,..., z,.
It follows from this interpolation that ¢(z;) = 0 for ¢ = 1,...,n. In addition, by
the definition of A ¢(z9) = 0 too (because h(z) — Lo_1(h;z) = hlzy,...,zn, 2]
X (¢ — z1)---(x — z,,) for each function h). Thus ¢ has at least n + 1 zeros.
Then, by Rolle’s theorem, ¢(") vanishes at a certain point £ € (2o, ), that is
oM (€) = fM)(€) — Ag™)(€) = 0 and the proof is complete.

The aim of this short note is to point out the fact that Obreshkoff’s formula
implies the classical Bernstein comparison theorem [2] (see also [3, Theorem 59))
concerning the best uniform polynomial approximation of a function f:

En(f) = inf fmax, |f(z) — p(z)].
Indeed, as well-known, the best approximation E,(f;zo,...,Zp+1) of f by polyno-
mials from 7, on the finite set 2o < -+ < x4 18 related to the divided differences
of f by the formula

flzo, .., &n4a]
E ) ceydin - )
(fizo, Ent1) s{xo, ..., Zn41)
where s is any function taking the values (—1)! at z;, 7 =0,...,n+ 1. Therefore,
by Obreshkoff’s formula,
Eo(fizo,. - Tnt1) _ FH(E)
En(g;zo, .- Zng1) | g+(E)

Now the following assertion is clearly true:

Assume that f,g € C**tY[a,b] and 0 < D)) < g F(2) for allt € [a, b).
Then for each a < g < -+ < Tpg1 < b

En(f; LQy«»- >$n+1) < En(g; Loy oy zn-{-l)-

Taking zo, ..., Tn+1 to be the alternating set for f, we get -
En(f) = Eﬂ(f: 1 PII xn-{-l) S En(ga Loy .y l‘n+1) S En(g), (3)
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which is the Bernstein comparison theorem.
Note that equality holds in (3) only if the functions f and g have a common

alternating set. \
\,
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