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_ ON THE THREE-SPACES PROBLEM AND EXTENSION
OF MLUR NORMS ON BANACH SPACES

GEORGE ALEXANDROV

Teopes Aaexcandpos. O 3AINAUE TPEX HPOCTPAHCTB u HPO.ZIOJI}KEHPLF[X ,
CUMMETPHUYHO JIOKAJIBHO PABHOMEPHO BbIIIYKJIbIX HOPM B IIPOCT-
PAHCTBAX BAHAXA ‘ .

Ilom.smo, 4TO eCnAM X GanaxoBo HPOCTPAHCTBO, Y €ro HOANPOCTPAHCTBO, KOTOpOe
MMeeT BKBHBA/NCRTHON CHMMETPMUHO NOKA/NLHO PABHOMEPHO BRINYKION (CJIPB) sopmoit
|I-l| » ¢axropapocrpancreo X/Y cena.pa-ﬁenbuo, Toras nopuy il |l MOXKHO HPOROMNMHTE A0
CJIPB nopnoﬁ Ha BCeM npocrpmcue X. ;

George Ai’eﬂndwv ON ‘THE THREE—-—SPACES PROBLEM AND EXTENSION OF MLUR o
' NORMS ON BANACH SPACES ; I :

Wesbowth&t:f)[isaBanachspace,YnambspaceofX whmhadmma.neqmvahnt
midpoint locally uniformly rotund (MLUR) norm || - [[,andle/Yi:leparable thenthchorm‘
B llhasanextennmwhchuanURnom:omX «, ‘

;./

1 INTRODUCTION

The three-spa.ce pmhlem for a property A of Banach space e cons:sts m the. |

question: I two of three spaces X, Y, X/Y (Y is a subspace of X) possess the
property A, then does the third space also have the same property A? Also, the
following question is close to 'the three-space problem: If the norm || - || on the
subspace Y of a Banach space X possesses the property A, then can the norm || - |
be extended to such a-norm || - |l on X (1 e. the restriction of | Jl+1lo om- Y is equal
to [! -{|) with the same property AT, e i e
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B o (MLUR) if .

Theae problems are trea.ted in (A1, A2, GTWZ J21, 3 Z2] for locally. umformly
- rotund and rotund renorming of Banach spaces. Here we discuss the same problems :
. for the MLUR property : : :

e
2 DEFINITIQNS AND REMARKS

A, norm || - | of a Banach spa.ce X i m called m:dpomt Iocally umfomly rotund

hm(||z+znn’+uz xan -2lwl’) 13 a,zaex,' !

"”L-unpheshmnmx .

A norm || - || of a Banach space X is called Iocally umformly rotuad (LUR) 1f
hm(ﬂll%' l’ +2 lzull’ 1l=3 + 2 l’) 0, T,z €X,

, nnphes hm] z - z,," =0.
o Obwonsly LUR = MLUR )
IfYisa subapa.ce of the Bam,ch space X, then # means the element of X/ Y
given by z.
B Lemma Let X be a MLUR Banach space Then Jor each z€X ande> 0
 there is b = b(c,z) > 0 such that whenever y € X, na: - lln < & and z € X
o ﬂv+ zll’ +lly - 2> - 2”#“ <6, we have |jz]| < e. ‘ R

-3 MAIN RESULTS |

Theorem 1 ([AS]) Let X bc a Bamch space and ?et Y be [ sabspace of X

- . such that Y and X/Y admit, respectively, an egawalent MLUR and LUR aarm

* Then X admits an equivalent MLUR norm.

Thgorem 2. Let X be a Banach space and let Y be a mbspace of X which
admits an equivalent MLUR norm |-}, and let X/Y ‘be. sepamble Tken tke norm
)} + || cans be extended to an equivalent MLUR norm on X -

Proof. We construct the extension of the norm ﬁ 1\ on X fol'iowmg the method
of. [JZ2]

; First, we extend the ngen MLUR norm H |jon Y to an equivalent norm }} Il
on X. (For a simple construction of such a norm see e. g [972).) ,«

'« Since X/Y is separable, then, 28 known ([K]), the spa.ce X/ Y adzmts an

| equlvalent MLUR norm }f - jo: aE
. Let B : X]Y —~ X be the Bartle—Gravea contmuwa seleetmn map (1 e.

| "Baz €2)[BP]. ‘
o Let {@a)}nr,, da #90, be a dense subset of X/ Y We assume tha.t ap = Ba,.

~ ForeachneN (N positive integers) choose f, € X* such that fu(an) =1,
~\fall = lanll=%, fn'= 0 on Y and denote by Pn(t) fu(x)an Qn =1~ Pa (I is

the xdentlty map on X) and T,., = Q,,/(l + HP ﬂ) , .

i,
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For every z € X we put

usz 1=(1-blisl r-’ + |I2lI3 + Z t!T»(z)u’/z“

- n=1
where
’ ] oo
b= 21/2“(1+1|Pﬁ.n)2 o<a<1.
n=1

Then || - ||, is an eqmva.lent norm on X whtm restnctmn onY coincides wnth A
the MLUR norm || - ||. - '
- -We now are going to show that l] |h isa MLUR norm. ‘

For this purpose we assume there are£,0<e <1,z € X and sequence {ym},
such that | ,

(1) - llw+ymn“’+lz ymui-—-ztz:wo -
but S . o
(2) ; il > -

and shall find a contradiction.
From (1) and a convexity argument we get

) N =+ vmfl’ +|z — ymlf? = 2fj2|f* — 0: .
4 S Ilz + ymllo +112 — gmll3 ~ 201213 — 0
and ‘ : R ~ '
(5) (= + v:»)ll’ + !lTu(i'ﬂ - i/:m)ll2 = YT — 0
for each n € N :
The norm || - }jo is MLUR on X /Y and therefore from (4) we have
(6) | [lgmllo — 0- ‘ |
‘ Case i) Let z €Y. Accordmg to (6) for every m there is y’m €Y suclr’ that
) o lsm =t Il = 0. | |

i

From (3) and (7) we receive that 1‘ .
| o el A e~ all? = 2"”!!’ -~ 0
and since the norm || - || is MLUR onY, then ‘
® - A ﬂ-—*ﬁ

Therefore from (7) and (8) l}ym}] — 0, whlch cont.rédlcts (2) .
Case il) Letz¢Y,2#0. Putz*zg-}-yg,zo-Bé yoeY Choose~
an € {a,} such that - | o ,

9 . . a,,«-»z, R
~and since B is a cantmuous map, then o



k]

“ForeachnEN,letz,,G&n‘aud _
(11) - - , Zn — .

Put 2, = @, + vn, v €Y, and from (10) and (11) we have
(12) | Vn = Y. “ '
Since [|Pal| = ”“nu/ {ldn|| and Qn(o‘to) = (zq - an) + fn(a,. - zo)a”, then
a nPnu ~d
and : .
(14 QnCeall =,

~where d = ||zo||/[|2}|-
The assumption that ||-|jis a MLUR norm on Y and the Lemma imply that for
our yo €Y and £ > 0 there exists §, 0 < § < £/6, such thatxnyY "yg y[{«(&
and z €Y, |ly+ 2|I* + [ly — 2|I* - 2yl < 6, then , |
(15) ) ]l < &/8.
.. Choose 61 such that -
. 0<é, <6/[1+ 14(d +'2)’(3K + 1)}

where K = max(sup flym], =l Jsof)).
According to (6), (9) and (11)-(14) there is an ng € N such tha.t for each

,nm>nowehave

- ao) I "X PY R
. 1Qn(zoll < 8, :
Sy femmli<d, |
(19) _ o iw ev,.n <4
and o R
@ @+ ) =l < u/2.
" Wefixn 2 np untll the end ofthe proof
F&om(S)

l!Q,.(z + %)ll’ + liQ»(z vm)li’ - 2li‘i?n(z)ll2 —0
, Thetefore, there is an m 2 n such that o

(21 Dm=||Qa(z+ vm)ll® + uQn(x - v...)u - 21!Qn(z)ll’ < 61
Choose tn € @ (use (20)) such that ~

2 @+ ) — tall < b1
Puttnnan+ya+umunel’ Obviously, =

" (23)‘ . AQn(zn) = Un;) Q:.(t,}) ’ ya +u, and Qn(z- :0):?# Yo.

B



Furthermore, we ha.ve (use (23), (16), (17), (18), (21) and (22))
- ion + nn!i’ + ||t — *‘nﬂa 2|lvalf? =
= HQ»(zn) + Qn(tn) — w!!’ +|Q@n(2n) ~ Qn(ta) + 110"2 2"@:&(%)“2 s

e <Dm+2(wnmx—zns +1e+ ) = tal) + 1Q(eol) x

(nonn (hzall + Iitall + lzl] + llvml) + "210")

+ 2Ianl!’Nz = zll(llzll +llzl) < -
. <6 [1+14(d+2)*BK+1)] <6
Therefore, by (19), (24) and (15) we get uu,.u < s/s .
Then

(25) e —tall € I o-vnna-uunn<ex+e/s<e/3
Thus, by (18), (22) and (25) :
llymll £ (= + ym) - tnﬂ + Jitn — znll + ﬂz,-. - z|| < 26, + e/3< 2»:/3 <e,

which contradicts (2) |
The theorem is proved. ‘ o
Remark. Let E(X) be the metric space of all equivalent norms on the Banach -
~ space X, endowed with the metric of an uniform convergence on unit ball. If there
exists at least one equivalent MLUR norm p on the space X, then the set of all
equivalent MLUR norms M(X) is dense in E(X ). Réally, the set

R(X)-{z:-* \/ T+ g€ B(X), e >0}

is subset of M(X) and dense in E(X) ‘In this case, if Y is a subspace of X,
obviously “almost all” equivalent MLUR norms on Y can be extended to such
porms on X. Indeed, the set of all restrictions of norms from R(X ) on Y is dense
in E(X). .

We finish the paper mth the followmg

Questions. Let X be a Banach space and let Y be a subspace of X.

1) If both Y and X/Y admit eqmvalent MLUR norms, does X adxmt an
equivalent MLUR norm too? :

2) What are the conditions which the space Y has to satlsfy, so that the

equivalent MLUR norm on Y could be extended to an eqmvalent MLUR norm -
on X7
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