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In this paper, mm&&mmuuwmmmmmmamw. '

fMommBachu FP-sytems into iterative ones. ‘Transformation schemes are described in the
paper and the correctness of some of them is proved by means of fixpoint induction. The fc
classes of recursion are considered: mmmhwdwmww mum ‘, h
mmmde.m,mmmmﬁm,mwm : R

monucnox i

-

A well knnwn approach to recnrsxgn ehminsatnn eonmt.s in the devdopmant of SRRNE
, eqmvalent schemes which allow transformation of recursive programs into iterative =
ones [11,5, 8]. Transformation of linear recursive schemes (schemes of De Backer .
and Scott) into iterative ones in purely syntactical studied [12,18]. Prograims wlnch o

support automated transformation of recursjon into iteration are considered {4}. On

the other hand, some authors develop methods which are usable ”manually”, by " 3
human px’ogrammers [1). Recursion elimination is considered on‘an mplementanon o
level as well in [9]. Frequently, the low efficiency of evaluation of a function is due -

'to the fact that the function is applied many tunes to the same argument dnrmg  '



natlon A well knqvm uunple in tlm mpect is the Ftbonaccn fnnetlon
‘function Pid(s : integer) : integer;
begin '
it (s=0) or (s = 1) then Fib := 1
o else Fid := Fib(c—i) + Fid(a—2);
ond;

 The application of Fib to s causes one a.pplncatxon of Fid to s-1, two dlﬂ‘erent
apphcatlom of Fid to s~ 2, and so on. Suppose, any value of the function Fid
is memorised in a special table after its first computation. This value can be
used without recomputation any time the function should be applied to the same
argument. In addition, the order of eomputatxon can be changed from "top down”

to "bottom up”. In such a waar the recursive function Fid can be replaced by an
; «xteratwe one; ,
- ,Tunction Fid(s:int intogor.
'var tedle : ? uxl of intoger.

N B into;tr, »
begin tedle[0] := 1; tedlel1] :
foxr b := 2 tosdo

- t&bl‘m = tcbh[h- i] + tablcfk 2);
Fid := tdlc[ﬂ. o A

" ond; '
Ob\npunly, the most genenl variant of tabulatwn when all computecl values
~ are memorized may cause great memory overhead and is too inefficient. The more
‘realistic case is' when only some of the values are memorized for further use. It is
clear that ttbh[h} dcpends only on tedle[k~ 1] and tedlelk — 2], i.e. only on
the two preceding values, Using this dependence, the above function can be easily
~ transformed into more efficient oné, in which the table is of size 2. (Since the last
function mentioned above is well known, it is not presented here.) -
. This example illustrates techniques for recursion elimination known as tabula-
 tion [3]. 'l’lm technique consists in transforming recursive programs into iterative
ones by means of addmonnl tables. In this paper, the idea of tabulation is explored
‘in order to develop tranlformmom of recursive functions in Backus’ FP-sytems
[2] into iterative ones. As it will be shown, the iterative variant of the functmn |
_ itself implements some kind of tabulation. Actually, the function computes some
- values in some order, memorises them during some steps of the computation and
mthememomedvduumtheftmhucompumm A number of schemes
- for recursion ‘elimination in FP-systems have been already developed. Kieburts
" and Shultis [6] formulate in the language of FP-aystems and prove the validity of
 many schemes well-known from ouwde the FP-systems, Reddy and Jayaraman
, [10] develop an approach to recursion elimination based on the representation of
,'recmti\re FP-functions in the form of infinite conditions.
Inthupapermtundormuonnchm daﬁbed and the correctness
;-ofaome of them is proved by means ofﬁxpﬁnt induction. . All transformations
 considered reduce recursive functions to tail-recursive oties. Thetnmformanonoff
,‘ tatl«-recumm to 1termon is mughﬁorwud {6} The folkmng clm efrecumon‘j

I)Bacnmonmthrspecttoommtegern :
2;Recuuionmhmpecttommtegerde#mtdam

3) Multiple recursion; o
4)Mutmlreenrmn

a8



2. REMAB.KS ON THE PB.OO!‘ mmm ARD ON THE NO‘I‘ATKIN

Suppose f and g are recursively deﬁned functions: fDef ISf) d-
Def g =.G(g) In the paper, some equivalence relations in the foun L( R(g)

are considered. Throughout the paper such equality is proved by the followmg. -

variant of fixpoint induction (Scot’s y-mductlon) [7:
Base. L(1)= R(.:L) R
LetfoChiChC .andgoC 91 C92C. stetwomonotomcaly mcreasmg .o

sequence of functxons, such that L(f,} R(gg) Then L(U fi)= R(U gi)-

Irzductcou It is demonstrated that the mumptm KL()') = R(g) unphu
L(F(f)) = R(G(9)):
‘Second step of the base is always true in FP—systems becanse all functnon a.nd
. functionals are continuous [6,7,14,15}. S
| As far as notations are concemed itis supposed thnt the reader xs x‘annhax mth -
those ones suggested by Backus in [2] |
A Throughout . the paper, E denotes an arbxtra.ry functlon, which has- mtegel‘
. yalues when is defined. Inaddxtxon, ¢ 90, 91, -+, gn—1 denote arbitrary inte -
For the reader who is unfamiliar with the notation of FP~syntema su xt
to’ say that o signifies the ordmaty (leftﬂ»aasocmtwe) composition of functxom, |
the construction [fy, fa,... ,f,,] is n-tuple of of functions f;, (1 $i g n) .L 1s
everywhere undefined functlon, ¥ signify constant function. ’
Some of the laws of FP—algebra we use are: 5
lL.idof=foid=f A
. 2 fo(p—gih)= p—-*fos,foh
3. gwy:h)w =pof—gofihof .
‘5.1.[;1, v Jn) Je (1§&<n) T
q - o | ‘ -

LR

3. RECURSION WITH mpm T0 onnmmc#nnkﬁcumkr |

“Let us consxder functxons whose deﬁmtlons have the folbﬂmg form

R) Deff::e% --4?, E'O[fosubl,xd], o

 Example. The defnition of the factorial function can be given m the fonowmg o
form: - o
Def factor:al =egy — 1;z0 {factona] o sub;,xd}, N

‘Suppose,  is defined according to the schemé (R; ). If f(n — 1) is known, then

the computation of f() is straxghtfomard f(n) can be computed starting fom =

f(0)'= g and computing f(i + 1) from f(¢) for ¢ =0, 1,...,n — 1. A simple table

in the form (f(i),,n) can be used. (In the hegmmng, the table is (q, 0, n) ) FO!’"?; o

"i=1,2,...,n-1 the following is executed: N LT
f{t + 1; is computed by means of £ which is in the table Sree
-—--f:+1 replamf(t)mthetable

. . — the second component § of the table (the ccunter”) is mcreased by 1 SR
it is checked whether the counter iis aiready equal to the thn'é compo-'
_nent n. | - , .



’I‘lm approach allowa thg functmn f to be rgplwed by a functxon f' deﬁned
- accordmg to the follamng scheme |
| Deff'-—-yt’[" 0, id);

(1) Def g =eqo[2,§— 1; 9o [Eo[1,add; 02, add; 02,3];

Example In the case of the factonal function the above deﬁmtlons look hke .
- this: - |
’ Dcf factorial' =g o (1, 0,id);
Def g = eqo[2 3] —1;. yo{zo[l add; o2},add; 02,3};
The cotrectness of the transfommtmu under consideration is estabhshed by the
followmg theorem:
| Theorem 1. Let f be deﬁucd acomdmg to tlse scheme (R;) and let f’ be deﬁacd

. ‘:accordmg to the scheme (1,). Then f = f'.
Proof. The equahtygo[q,o 1d}‘“-’=f18tobe proved

Base. 1 og, ,ni} " o :
“Induction. Suppose = f'. Subatltute f' for f in the nght side of the definition
of f. It is necessary to prove that the resultlng expressxon is eqmvalent to the right
 side of the definition of f: . | N

f ‘ (1), ; e‘10 — %E’O[f'osub;,xd]
. ~ (Substltute the nght side of the deﬁmtmn of ff fm. f’ )’

=eqy—F; Eolgolg,0 xd]osub;,xd] , %
| ;“..eqo[2 ["de}l—»lo[ﬁ,ﬁxd Eo{go[‘,subgohd}ombl,xd]

 In order to reduce the above expression, the followmg Lemma is used
o Lemma 1,. For arbdmry mtegcrs a, b |

B Eo[go[",submbld}ombx,xd] gao[En{a,‘]J xd

f

Ae;ording to, the ‘above }exmm, express:on (1) beebmes
_;A'f?eqo{2 3o ﬁ,ﬁ ui] — 1 oﬁ,ﬁ xd}, 39[5'0[“‘ 1.1, 1d] o
o =(eqol2,8)— 1, go[Eo[l add; oﬁ},u&d,oz 3])a[a,6 un

| . f..go{',ﬁ td], L @" o ~~ ) .
fu‘f,aad Theorem 1 xspumd PRSI R TA
) As far as lemma. 1 is eoneernea it can be proved by xXpoint mductmn, too
Bam Eo{.Lo(H,sublob,xdloaubl,xd}u.La[Eo[a',l} F!d] |

Iuhdtea Let denote o’ =E\o[3,l} Vo= aﬂd;ob Ifa’ andb’m:ﬁteger
\ ,constqnts then accordmg to the mductxve hypothws

90 E[a'F}F;d] E"{ﬂ"g‘ﬂbﬂyld]ombmd]
‘Thesameequahtyholdawhena‘ .Lorb’ 1, ortheboth -




' Now, the right side of the equahty under conszderatlon can be unfolded and B
reduced a.s folbws

go EO{E,-] bld]
‘ (deﬁmtxon of 9 »
o= eqo[b id] — Eo[d,b;go[Ec[Ec[a, b},add; ob],add1 ob 1d}
| ~eqo{bad]~—-+Eof6,1d,go Eor'b—’]b’zd] |
co . ~ (inductive hypothesxs)
= eqo [b,id] -—»Eo[a xd],Eo[go[yaubl ol :d]osubg,ld]
....eqo[b id] — Eola, 1d],Eo[g [Eo[",-]zld}osubhld] o
" (FP-algebra) . S
| = EO[(eqo[b 1d} — G go{Eo{','} b, xd}osub;),nd} N e
= EoKeqo{b 1 xd}-—wa,go[}?o{a 1,3, xd])osub;,ld]
| {definition of g, foldmg)
=FEo[gola, sub; ob ld]osubl,ld]

The last expression is Just. the left sxde of the equahty Thxs m, the end of the
" proof of lemma 1.

Now, the foIlomng more genenl cla.sa of deﬁmtnons is mnsxdered

. (R) Deff e“h -—9?0; €q, r*-*qh e CQO{F ld} '—"Qkul, | . .
2 ‘ | : Eo[[]osnb;,fosub“ . .fosub l,td}

Example. The Flbonaccx fnnctxon is deﬁned by a partxcula.r mstance of the“
.scheme (Ry), with k=2, E=+01: oo S | L

DefFeb eqa—»'f eq;——-»l -i-o[Ftbosub;,Fabosub}]

I the scheme (Rz), f(n ldepends on f(n—1), f(m=2),..: , f(n—k). In that '
“the values of f fot the first k natural numbers are known It is qonv«ement to use a
table, which has the fonn : « T

. In the begmnmg of the computatwn the table has the followmg contents L
o ((4§-139§-3x . aQO)yk 1 ﬂ) L

" In order to compute bi (n), the values f(l-) kék-i— 1), I(k +2), . are eomputed "
‘one after the other. In that, f(i (¢ +1) is compu
first element of the table; i.e.'the list (i), f(i—1),... , f(f— k+1)) of k preceding .

simply by applicmm of E tothe .

"The value so obtained is appended to the left of the same list, and its rightmoet.;;'
component f(i — k + 1) is dropped. Finally, on each step’of the computation the

- second component of the table (the eounter) is mcreased by one. The computatmn e
stops when the ‘counter becomes equa.l ton.. o -



. " B

L mhkmd oftabﬂm f can bc trwsformed mto a taﬂ-mmve func-
- tion f’,‘whxch is defined aocordmg to the following scheme: :

| Def f = % — W eqy — T} - --,eqo{r_fid}-*u_x,
R goll@=t, @, .., Tl k — 1,id],

- (I‘,) De-f'y eqo[2,3}-——olol go[[Eo[l add; 6 2}, lol .ok — 1)01]
o : add; 02,3]. ~
Exam le. The Fibonacci functlon can be defined bya tml-recurswe deﬁmtlon, :

o - following the scheme (13):

Def Fitl =vqq— T; eqy — T; yoﬂ'f'ﬂfm’l,
' Defg=eqo[2,3]—1o1; gof[+01,101],2dd; 02,3].

S Thoorm 2. Let f be defined according to i&e scheme (Ry) and let f’ be defined
acwrlmg to the sclmne (Iz) Thea f f.

./«

4 ucunsxon wrm RESPECT ’I‘O AN INTBGER ELEMENT or A I.IS‘!‘

Theze are many functxons which are apphed to luts in the form |

“ (ﬂ, as, ala . sar)s .
andwhxchmdeﬁned recmwelymthrespecttotiaeﬁtstelexmntndthehst (n

- is integer). Such functions can be defined according to the following scheme:

o (Rc) Deff=equol—T; Eoffo[sulnol,2,.. o) ik
Extnwla. According to the above schems, mk;phcwonofnatunl numbers
““~‘mbeawdbyaddmoaufonowa

y &fmm‘t-eqobl — +o[mu1to[sub;ol 2},2] |
F&metww Mnedmdmghoﬁmacheme(na), mbetransfoxmedtotaﬂ-'

> 7:.Tucumwmby mmsofatablemthefom

(f(“)!‘i (u: a3z, 83, ..., a'”

w«m n starts, the coutent of the umm(q,b (n.a3,8s,. .,a,.)_).)

tsdmmamm—-&emp

& tmimdﬁoptwhm tkemmaeqnﬂtom

w&hﬂmmfunctm f' which is eqminlent to f can be Mmd wcordmg
| Deff=gofBid],
| (1,) &fg:eqaﬁ',lozj-—ol o

o goIEon,,oI.ad,oz 203,3:»3, ,msn add,oz 3}

" m@mp’la. The{:hm&)&t«mmthcia&muﬂ»mmve deﬁnmonqi

Wmult'-go[ﬁﬁ:d}, I
Dcfg:eqo[? 103]—-»1

SR *  ~ gol+el, 2es],.dd,92 3.



e T

Theonem 3. Lct f be deﬁaed mrdug to thr. ac&cmc Ra and m ;, 3
according 1o the scheme (I3). Then f = f'. ( ) f kﬁ“ e

Proof. Base. Lol§,0,id= 1. ‘
~ Induction. The substitution of f' for f in the tlght side of the deﬁmtmn of f
leads to the follamng

eqp 01 —7; I o - :
Eolgo[,0,idjofsub; 01,203,303, -‘,‘m-s],‘,j' SR
(Here Lemma2-seehelow-—1sapphed) o
(eqo[?loi*)}-———»l | .
go[Eo[,Jo[add102 203 303 .,rol]],
add; 02,3]) 6 [5,0,id] -

: "'go[q"a Idls

and thxﬁ is the end of the proof of Theorem 3.
'~ Lemma 2. For any integers ¢ and a the following eqmahty Itos'dr

Eolgo [",c,xd]o[sublol203303 ,ro3],j] o g
_go[Eo[‘,Jo[add;oa,2o3 303 ,role,addloﬁnd]

The proof again can be carried out by fixpoint induction. |
. Example. A function, which computa the power when a.pphed toa hst (n, ¢)
is Mned accordmg to the scheme (R3): A

‘ L Defpower eqool--—»'{ tc[poum [mb;ol,z]ﬂ} -
X Its tail-recursive variant, obtained according the sc:bmae (Ig) lodks itke thu
| Def power’ =go[L,B,id}, |
Defﬂ eqof2,103] — 1; 991*0{1 293}:‘ddl°2 3.
We introduce two slightly modified versions of the schemes (Ra), and (I;)

(gg) = Deff-eqool*——vq, Eo[foapndlplmbz 01 tl}g'], S
De.ff’ 3°r§' ﬁ 16}1 ‘ R e f ‘j f”f" 1
) . Defg= equz,ioalm.x R I

go[Ee {1,; o apndi d'[add; 02,tl 03B,add10 2,3}

: Thelast two schemes are useful, formatanee,whnncompummand d-
) ncta of the followmg kind: ‘

P(*,Gx,dm .ur) stgma(n,a;,a,, ,n,), ;

P(t, 31103, ,ﬂ') P‘(” ﬂx,ﬂg, ’a’) R -
1o Correspondmg recursive functions are deﬁned mr&ing to the lnh ui: ¢ (Rs) u

Defmgm eg@ola—-ﬁ B
B éb,nyma oapn&c{mbgol ﬁﬂ,



Bef ps eqo 0 1 --J R
: , *o[ppioapndlo{sub;ol t.l]
A tml-recumve version of sigma is easily obtained mdlng to the scheme (If.,)
Defatgma = go[0,0,id], |
Defg--eq\o@ lo3]—1; | ~
| go{+o[1,poapndlo{&ddlo2 tl¢3]] addloz 3. .
A tu1~recumve veiswn of the functlon p: can be obtamed in an analogaua way.

B 5. ruu‘rmumon

.. Letus conslder a function f of an xnteger argument mch that o
" — its value f(0) = ¢ is known;
~ — the value of f(n) depends on n and f(n - I), f(u -2),..., f(O)
A functxon g can be considered, which tabulates all values of f

A | gn) = (f(n), f(n —1),..., FO)).
| Hence f can be defined by means of g as fo!lows'

Def = eqo ———t q, Eo apndl ° [id, go sub;],

Dcfg = qu RN ["], apndlo [}’,g osubs].

 Since f = Iog, the wmputatxon of fis reduced to the compututxon of g From
| the mher lumd 9 can easily be replaced by a taiilxecumve function: . |

Defa = ¢'l19),0,d),
Defg" eqo[23]-.-o.1 : : o
g’o{apndlo[Eagpndlo[addi o2 1],,1],add;oz, ] |

‘ The ﬁmctmn g t&hulates all values of f Such kind of full tabulation is inef-
ﬁcxent Actually, it is not needed in practice. The idea behind it however can be |
,used in order to nnplement some restricted forms of tabulation. - ,
~ + Let us consider agsm a function, whoee value f(n) depend; only on n : and
:zf(n 1),.8{}1(:; - 2), .. ‘3 f(n k), as m scheme (Rz) Now we consider a ohghtly i

different scheme: . . i

Deff-—»eqom% x""’TrmN"{ﬁs“ﬂ““%-u N

o Eolid, fosub;,fosub,, ,fosub,] o

An eqmvalent taxl-recnmve deﬁmtxon follewa. : : o N

Dcff' e%"""?ﬂa eqy ~— ;- . |

o eqor'Tldl--*m, loy, | :
Defy e%-**f"l %olldW#apnﬂcv 908“"1]: |
N ﬁroapndlo[f',gosubﬂ

(m -



V It can be demonstmtad tha.t the functlom f and f‘ deﬁned by the schemes‘
(Ry) and (L), are equivalent.
: Let us note tha.t the functton g can be easxly defined a tml~recnmve vanant

Defg =9 o[[qk-»h q‘k-?a !-1':& 1 "d]? A
Defg =eqo{2,3] —1;
g o[apndlo[Eo[apndlo{addl 02 ll]],th'oll,.acld,L 02, 3]

' Examples. Let us consader again the factonal functxon
Def factonal = qu zo {id factorml o sub;]

- (The above definition slightly differs from the one considered earlier.) Accordmg o

to the above schemes, the same functmn can be deﬁned with taﬂ‘recursion

Def factor‘tal' —'eqo — T log;
 Defg=gol(T}0id; S
' Defd =eqo[2,3] —1; | R
‘ ' ¢ ofapndlofzo [apndl o [add1 ° 2 1]}, tiro 1}, add; o 2 3],
The same scheme can be apphed to the Fxbouacct functmn |

A

-

o. MUTUALLY mvnsm FUNCTIONS |

Two mutually recursive functlons / and g, deﬁned a8 followa
(i?.s) Deff eq,,-wbq;, E’;e{fosnbl,y\omb;,xd], |

R I)afe 9%""‘43: Ezo[fesubx,aombmd}, o
ean be reduced to functwns I and 9’ ucco:dm; to the seheme belaw | o
O Dejf' ho[Lidi ~ Defg =holfidh
A Defh mda[eqooz,eq,onm»q;,andc[eq.,ozeq,oumez,
(Rg) TeLT tc[l hoc,hob xd} SR *. R
RS De;amq,ax,-—»f;,o[z,s 4 5,0{2341, B
Defa=ff, by Desz[?fmb;], " I

‘ form

((h(l M(ﬁ 1=))»(1 n) ﬂ, ((h(l,s), h(z,:)), (2 n}, ,),‘ R

The functaon b can be redueed to a tml»murswe one. 'Ib do ao, tableu in thcy . o

~mused (Theﬁrattablemmdwhenfutobewmputed mdthe .....

respectively when ¢ is to-be computed.) The tables allow to obtain s iterative "

vmant g' of the above deﬁned functwn 9 a.nd eonsequenﬂy — ;teratwe manta" 0



Cdrwas

| Dcff‘zk’c['f xd), . Def{ h‘o[f xd],

De!k'=k"°[[§’:§§3»ld 0 ‘ '

Def b = ando[eqo[2o23],eqlolo2]-—-lol
ando[eqo[2o2 3),eq;0102] — 201;
h”o[[E;c[lol 201,add, e 3],
Egb[lol 201, add; 03]],2 &ddl 03],

CONCLUSION

' By meam of tabhlatwn some more comphcated recu;sl\fe definitions can also
be reduced to tul-mumve ones. Among them are, for instance, definitions in
whtch recursion is with respect to several parts of the argument (n, k): :

szf.eqaol--»q;, eqobz-—-—»qm
o Eo[fo[sub;ol 2}, f o[1,sub, o2],1d]

Thus, tabulatmn teqhmqnea allow to obtam many interesting schemu for re-
" ‘cursion removal in FP—syctemea = .
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