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SQEMA is a set of rules for finding first-order correspondents of modal formulas, and
can be used for proving axiomatic completeness. SQEMA succeeds for the Sahlgvist
and Inductive formulas.

A deterministic, terminating, but sometimes failing algorithm based on SQEMA for
a modal language with nominals, reversed modalities and the universal modality -
ML(T,U) - is presented. Deterministic SQEMA finds first-order correspondents, and
it can be used to prove di-persistence. It succeeds for the Sahlqvist and Inductive
formulas.

The axiomatic system for ML(T, U) is shown and its strong completeness is proven. It
is shown that adding di-persistent formulas as axioms preserves strong completeness.

Deterministic SQEMA is extended for the language of pre-contact logics using a modi-
fied translation into ML(T, U). Deterministic SQEMA succeeds for the Sahlqvist class
of pre-contact formulas.
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1. INTRODUCTION

The problem of the existence of first-order correspondent formulas for modal
formulas was proposed by van Benthem. This problem is not computable, as shown
by Chagrova in her PhD thesis in 1989, see [4]. However, there have been solutions
for some modal formulas. The most famous class of formulas for which there is a
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first-order correspondent is the Sahlqvist class, shown in [19], where one can use the
Sahlqvist-van Benthem algorithm as described in [23] and [3] to obtain first-order
correspondents.

There are other algorithms for finding first-order correspondents, for example
in [11] Gabbay and Ohlbach introduced the SCAN algorithm, and in [20], Szalas
introduced DLS. SCAN is based on a resolution procedure applied on a Skolemized
translation of the modal formula into the second-order logic, while DLS works on
the same translation, but is based on a transformation procedure using a lemma
by Ackermann. Both algorithms use a procedure of unskolemization, which is not
always successful.

In [6, 7, 8, 10, 9] another algorithm, called SQEMA, for computing first-order
correspondents in modal logic is introduced. It is based on a modal version of the
Ackermann Lemma. SQEMA works directly on the modal formulas without trans-
lating them into the second-order logic and without using Skolemization. SQEMA
succeeds not only on all Sahlqvist formulas, but also on the extended class of in-

ductive formulas introduced in [5, 16]. There are examples of modal formulas on
which SQEMA succeeds, while both SCAN and DLS fail, e.g.: (O(0p <> ¢) — p).

As proved in [6, 7, 8] SQEMA only succeeds on d-persistent (for languages
without nominals) or di-persistent (for reversive languages with nominals) — and
hence, by [3, 5, 15, 16|, canonical formulas, i.e., whenever successful, it not only
computes a local first-order correspondent of the input modal formula, but also
proves its canonicity and therefore the canonical completeness of the modal logic
axiomatized with that formula. This extends to any set of modal formulas on
which SQEMA succeeds. Thus, SQEMA can also be used as an automated prover
of canonical model completeness of modal logics.

An implementation of SQEMA in Java was given in [13]. Some additional
simplifications were added to the implementation thanks to a suggestion by Re-
nate Schmidt, which helps the implementation to succeed on formulas such as
((B0p — OUp) vV (Hp — Op)).

The universal modality and nominals were introduced in [17].

In [14], SQEMA was augmented to ML(O, [U]), the basic modal language ex-
tended by adding the universal modality. In [7], SQEMA for a reversive language
with nominals is discussed, promising an extension with [U]. In [10], SQEMA with
downwards monotonicity for Ackermann’s rule is presented. In [22, 9], an extension
of SQEMA for a reversive language with [U] and nominals is introduced, with the
output being in the first-order p-calculus.

In this paper, we define a deterministic and terminating strategy for using the
SQEMA rules for the language with universal modality, countably infinitely many
couples of converse modalities, and nominals, ML(T, U). We show that Determinis-
tic SQEMA always succeeds on Sahlqvist and inductive formulas. We show, like in
[7], that Deterministic SQEMA succeeds only on di-persistent formulas. We show
the axiomatic system for ML(T,U) and its strong completeness, following closely
[17, 18, 12, 3]. Like in [15, 16, 5, 21], we show strong completeness of di-persistent
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formulas. Therefore, Deterministic SQEMA can be used to prove strong axiomatic
completeness of a formula. We extend Deterministic SQEMA to the language of
pre-contact logics, using a modified form of the translation from [1] as to obtain
Sahlqvist formulas from Sahlqvist formulas of the pre-contact language, as defined
in [2], so that Deterministic SQEMA succeeds on them. Completeness of all pre-
contact formulas is shown in [1].

2. PRELIMINARIES

We use i, j, k, I, m, n for natural numbers. If a and b are words, we write
a 2 biff a occurs in b. If a is a word and b is a sequence or a set of words, a b
means that a occurs in some of the words of b. The negation of a . b is denoted

by a x* b.
Definition 1. (Formulas of ML(7T,U)) Formulas of ML(T,U) are:

¢ == L|T|pilci|-0|(¢ v $)[(¢ A ) 0:8]0; ' d|Tig| ;"6

where cg, c1,... are nominals, pg,p1,... are propositional variables, and there are
at most countably many pairs of mutually converse bozes and diamonds. We denote
“any box” by [, its converse by 0!, “any diamond” by ¢, its converse by ¢ . (U)
means g, [U] means [(Jy. PROP(@) is the set of propositional variables, occurring
in ¢. NOM(¢) is the set of nominals, occurring in @. ¢ is pure iff PROP (@) = 0.
(p1 — ¢2) stands for (—¢1 V @2), A(@1,...,0n) for n > 0 and different ¢; stands
for (g1 A ... (=1 APn)...) if n >0, and T otherwise. \/(¢1,...,¢n) for n >0
and different ¢; stands for (¢1 V...(Pn-1Vdn)...)if n >0, and L otherwise. We
emphasize a disjunction in a formula by using V instead of V. We also use 7 for
formulas. We use the standard definitions for a positive/negative occurrence of p in
@, for ¢ being positive/negative in p, and for ¢ being positive /negative.

Definition 2. (New Nominal) We denote by cx X * ¢ iff ¢ is the first
nominal, such that for all m > k: ¢, X' ¢. We denote by ¢ X* T for a set of
modal formulas T" iff for all ¢ € I': ¢ X" = @.

Definition 3. (Kripke Frame) A Kripke frame for ML(T,U), or just a frame,
is a tuple (W, R), where W is a non-empty set of possible worlds, also a universe,
and for all 4, R(i) C W x W are accessibility relations, where R(0) = W x W. We

use F for frames, w, u, v for possible worlds, and s for sets of possible worlds. If
w € W, we say that w is in F.

Definition 4. (Kripke Model) Let F = (W, R). A Kripke model for ML(T,U),
or just a model, is a tuple (F,V, A), where V : PROP — P(W) is a valuation, and
A : NOM — W is an assignment. We say that the model thus defined is based on

F. We use M for models, V for valuations, A for assignments. If w € W, we say
that w is in M. M = (F,V A) is named iff A is surjective.
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Definition 5. (Modal Truth and Validity). Let F = (W,R), M = (F,V, A),
and w € W. We say that, by induction on ¢, ¢ is true in M at w, denoted by
M, w I+ ¢ iff:

-M,wl-T

-M,wl L

-M,wlFpiff w e V(p)

-M,w IF ¢ iff w = A(c)

- M,w I+ —\¢1 iff M,wH‘ ¢1

-M,w IF (¢1 V @o) iff M,w IF ¢y or M, w IF ¢

- M,w I+ (¢1 /\¢2) iffM,'w I+ ¢1 and M,w I ¢2

- M, w I O;¢y iff for some v € W: w R (i) v and M, v I- ¢y

-M,w |- O; 'y iff for some v € W: v R(3) w and M, v |- ¢y

- M, w Ik O;¢ iff for all v € W: w R(¢) v implies M, v IF ¢y

-M,w I Di_lqbl iff for all v € W: v R(2) w implies M, v IF ¢

We say that ¢ is true in M iff for allw € M: M, w I+ ¢. We say that ¢ is valid in F at
w (local validity), denoted by F,w IF ¢, iff for every model M based on F, M, w I ¢.
We say that ¢ is valid in F (frame validity) iff ¢ is true in every model based on F
iff for allw in F, ¢ is valid in F at w. We say that ¢ is valid, denoted by I ¢, iff it is
valid in all frames. The extension of ¢ in M, denoted by [¢]ys, is the set of allw € W
such that M,w IF ¢. It is clear that, if My = (F,V3,A4;) and Ma = (F, V5, As)
agree on NOM(¢@) U PROP(¢), meaning that V3 | PROP(¢) = Vo | PROP(¢) and
A; [ NOM(¢) = A2 [ NOM(9), then [¢]y, = [#]y,- We say that ¢1 and ¢ are
semantically equivalent, denoted by @1 = ¢e, iff for every model M, their extensions
in M are equal. We say that ¢ and ¢2 are opposite iff ¢ = —¢2 We say that ¢
and ¢o are locally frame-equivalent, denoted by @y ~ @9, iff for every frame, F and
every w in F: F w I ¢y iff F,w I ¢2. We define a modified assignment as follows:
Ale — w](e) :=w and Ale — w](¢') := A(c') for all ¢ distinct from e¢. We define a
modified model as follows: M[ec — w] := (F,V, Alc — w]).

If for a F and for a w in F, we have that for every M over F, there is a wg in
F: M[c;, — w],ws |+ ¢, then ¢ is called relatively k-true in F at w, F,w - ¢.

For a given k, two formulas ¢y and ¢o are locally frame-equivalent with respect
to ¢, denoted by @1 ~p @2, iff for every frame F and every w in F, we have that
F,w H—k ¢1 iff F,w H—k ¢2.

Definition 6. (Uniform Substitution) We denote by ¢1[p/@’] the word ob-
tained from ¢;, where each occurrence of p (if any) has been replaced with ¢'.
According to Definition 1, the word thus constructed is also a formula, ¢2. We call
the rule for obtaining ¢o from @1 uniform substitution of p by ¢’ in ¢;.

Proposition 7. (Properties of the Uniform Substitution)

1. Let M; and M3 be based on F and be such that they agree on the nominals
and variables, occurring in ¢, except for p. If [@']yg, = [¢" [y, then [@lp/¢' ]Iy, =
[6lp/¢" ], -

2. If F I- @, then F I- ¢[p/¢’].
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3. If ¢’ = ¢, then ¢p/¢d'| = dlp/P"].
Proof. Follows directly from the definitions. O

If the elements of PROP(¢) are, in left-to-right order of initial occurrence in
¢: p1,...,pn with m > 0, and the elements of NOM(¢) are, in left-to-right order
of initial occurrence in ¢: ¢1,...,¢6n with m > 0, then [@] is an operator from
n.,m-tuples of n sets of states and m states to a set of states, defined thus: if M =
(F,V,A) is a model, V(p1) = s1,...,V(Pn) = spn, Alc1) = w1,...,Alem) = W,
then [@](s1,...,5n,w1,...,wn) is [y

Definition 8. (General Discrete Frame) Let F = (W, R). We say that (F, W)
is a general discrete frame for ML(T,U), or just a general discrete frame, iff W C
P(W) is non-empty and the following conditions hold:
- for every w e W, {w} e W
- W is closed under [—po]
- W is closed under [(pg V p1)]
- W is closed under [Qpo] for all diamonds ¢.
W is the set of admissible valuations. It is clear that W, € W. It is clear that
F with universe W is also the full general discrete frame (F,P(W)). We use g for
general discrete frames, W for sets of admissible valuations. If g = (F, W), then we
denote by g, the underlying frame of g, F. wisin g iff it isin g,. M = (g4, V,A)
is a model over g iff for each propositional variable p, V(p) € W. An induction on
¢ shows that if M is a model over g, then [¢],; € W for any formula. ¢ is valid in
g, denoted with g I @, iff it is true in all models over g.

¢ is di-persistent iff for every g, g IF ¢ iff g» - ¢. As we show later, di-
persistence is a sufficient condition for strong axiomatic completeness of a formula.

For every named M over F, there is a g = (F, {[¢]y | ¢ € ML(T,U)}). This
helps to prove strong axiomatic completeness of di-persistent formulas.

Definition 9. (Local Equivalence for General Discrete Frames) We say that
¢1 and ¢ are locally di-equivalent, denoted by ¢y = ¢2, iff for every g and every w
ing: g,wl- ¢ iff g, w I ¢2.

If for a g and for a w in g, we have that for every M over g, there is a wp in g:
Mcx — w], wa I @, then ¢ is called relatively k-true in g at w, g, w kg ¢.

For a given k, we say that ¢, and @9 are locally di-equivalent with respect to
¢k, denoted by ¢y =, @2, iff for every general discrete frame g and every w in g, we
have that gw IFg ¢1 iff gw IFg ¢2.

Because every frame is also a full general discrete frame, if ¢1 = ¢2, then
P1 ~k @2, and if @1 =~ ¢2, then ¢ ~ ¢o.

Proposition 10. (Sufficient Condition for Di-Persistence) Let ¢ be a modal
formula, let cx be such that cx X* @, let ¢’ be such that ¢’ is a pure formula and
(ck N @) =~k ¢'. Then ¢ is di-persistent.

Proof. Let g be a general discrete frame and let w be in g. Then:

g,w I- ¢ iff (because ¢ X' @)
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g.w I (ce A @) iff (because of di-equivalence)
g, w I ¢ iff (because ¢’ is pure)
g4, w kg @ iff (because of di-equivalence)

94, w by (cp A @) iff (because cx X' @)
g, wl- ®. O
A direct corollary to the above is that every pure formula is di-persistent.

3. FIRST-ORDER CORRESPONDENCE PROBLEM

We define a first-order language with equality and binary predicate symbols.
The language is called FOL. We use ¥ for FOL formulas.

Definition 11. (First-Order formulas) FOL formulas are:

P o= LT|(@ =a")[(" riz")|=p|( Vv )| A )Tz |vay,

where xg,x1,... are individual variables, r1,r2,... are binary relational predicate
symbols, = is equality, 3 and V are quantifiers. An occurrence of x in 9 is bound
iff it occurs in an occurrence of Jxy; or of Vxy; in 9. Any occurrence of x in ¥
that is not bound is free. We say that x is a free variable of 1 iff ¥ contains a free
occurrence of £. We say that ¢ is closed, or that 9 is a sentence iff it has no free
variables. We denote by FREE(9) the set of all free variables of 9. If the elements
of FREE(®) are, in left-to-right order of initial occurrence in ¥, 2y, . . . , & for some
k > 0, then we denote 9 by ¥(21,...,2,), wheren > 0 and n > k.

Definition 12. (Semantics of FOL formulas) Let F be a Kripke frame and let
M = (F,V,A) be a Kripke model over F. We extend A to all individual variables
as follows: A(x;) := A(c;). We use the usual semantics of M F 9. We say that ¥ (x)
is true in F at w, F F ¢[w] iff for some model M over F: M[¢; — w] F ¢(z;). We
say that 9 is valid in F (Kripke frame validity) iff 4 is true in every model based
on F. Thus, ¢(z) is valid in F iff ¢(z) is true in F at every state in F.

Definition 13. (First-order Correspondence) We say that a modal formula ¢
and FOL formula % (z) are locally correspondent, denoted ¢ ~ (), iff for every
frame F and every state w in F: F w IF ¢ iff F F ¢[w]. We say that ¢ and 9 are
globally correspondent iff for every frame F: F I ¢ iff F F 9. It is clear that, if ¢
and ¥(x) are locally correspondent, then they are globally correspondent.

For a given k, we say that ¢ and ¥(z) are locally correspondent with respect
to cg, denoted by ¢ ~p P (xg), iff for every frame F and every w in F, we have that:
F,wlkg ¢ iff F E ¢w]

An easy argument shows that if cx X' ¢, and (cg A @) ~k P(2x), then ¢ ~
P(zr). Also, if @1 ~k ¢2, and if ¢ ~y P(xx), then ¢y ~p Y(ay).

Combined with the properties of local frame equivalence, we now have a suffi-
cient condition for the existence of a local first-order correspondent:
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Proposition 14. (Sufficient Condition for First-order Correspondence) Let
¢ be a modal formula, let ¢ X' ¢, let ¢’ be such that ¢’ is a pure formula,
(ck N@) ~k ¢, and ¢' ~p P(xx). Then ¢ ~ P (xg). O

An immediate corollary of propositions 14 and 10 is the following;:

Proposition 15.  (Sufficient Condition for Di-Persistence and First-order
Correspondence) Let ¢ be a modal formula, let ¢ be such that cg X' ¢, let
®1,...,0n be a sequence, such that ¢y is (cx N @), @i = ¢; for any 1 <i < j <mn,
and ¢y, is a pure formula, such that @, ~ ¥ (xg). Then it follows that:

1. ¢ ~ ’l/)(.%‘k)
2. ¢ is di-persistent. O

As we show later, it is enough to have ¢x and ¢, to find a ¥ (xg), and also cg
is uniquely defined for ¢. Therefore, if such a sequence for ¢ exists, we call ¥(z)
a solution for ¢.

Therefore, a good approach for both finding first-order correspondents and for
proving that a formula is di-persistent is to have rules for elimination of proposi-
tional variables that replace formulas with formulas that are locally di-equivalent
with respect to a given nominal.

For reducing the size of the problem, we need a lemma for conjunctions.

Lemma 16. (Conjunction Lemma)

1. Let @1 ~ 91 (zx) and @2 ~ P2(zk). Then (¢1 A P2) ~ (P1(zk) A Pa2(k)).
2. If ¢1 and ¢o are di-persistent, then so is (@1 A ¢2).

Proof. For 1, let w be a world in F. Then, by the hypothesis, F,w I~ ¢; iff
F |- 1/11[w] and F,'w F ¢2 ift FF ¢2[w] Let F,'w I+ (¢1 /\¢2). Then, F,w I+ ¢1 and
F,w Ik ¢2. Therefore, F F 9 [w] and F E ¢[w], so F £ (1 (zx) A a(xg))[w]. The
converse direction is analogous.

For 2, it follows directly from the definition of di-persistence. O

Therefore, to find a solution for A(7y1,...,7x), it is enough to find solutions
for each of v1,...,v, with respect to the same cg, such that cx ¥* A(71,...,7n),

and to take the conjunction of the solutions, then this becomes a solution for the
whole formula.

4. DETERMINISTIC SQEMA

A formula ¢ is in negation normal form iff — occurs only in front of atomic
formulas.

We follow [6, 10]. First, we give a simplified informal definition of the algorithm.
Let ¢ be the input modal formula. The goal is to obtain a nominal ¢, and a pure
formula ¢, such that ¢ X* ¢ and ¢ =~ ¢'. Then it is very easy, as we show below,
to obtain a local first-order correspondent for ¢.
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First, we negate ¢ and rewrite it in negation normal form, obtaining v. We
start eliminating variables by a process similar to Gaussian elimination. Thus, we
solve a system of equations (actually a conjunction of disjunctions), starting with
a system with the single equation (—cg V). We eliminate each variable separately,
so let p be the current variable to eliminate. The elimination is carried out by
applying the following rules:

Ackermann rule:

A(a1 Vp),..., (., Vp))A
ABi(-p), .. ,ﬁnb(—\p))/\ N {xg,gll,,oﬂnb))[p/—' /\(al,...,ana)]/\
/\(01,...,0nt) s Uny

where p X' {a1,...,a,,,01,...,0,,} and A(By,...,B,,) is negative in p.

O-rule: (¢ VOgpe) = (O ¢y V ¢a)
O-rule: (= V Op) = (= VO') N (=" V @) , where ¢” is a new nominal.

Now we are ready to formalize the algorithm.

Proposition 17. (SQEMA rules)

1. Equivalence rule.

If ¢1 = @2, then @1 ~i P2. As per Proposition 7, we can also replace (occur-
rences of ) subformulas with semantically equivalent ones.

2. Polarity reversing rule.
~¢ ~ ~¢[p/-p.

3. Positive elimination rule.

Let ¢ be positive in p. Then —¢ ~, —¢[p/T].

4. Negative elimination rule.

Let ¢ be negative in p. Then —¢ ~; —@[p/L].

5. O-rule.
=(¢' A (¢1VOg)) ~x —(¢' A (O 61V ¢2)).

6. O-rule.

Let ¢” be such that ¢ ¥ {cx,c/,¢’,¢}. Then:
(@' A (= VOP)) mk (@ A (= v O") A (=" V ¢))).

7. The Ackermann rule. Let a,...,a,,,01,...,0,, be formulas which contain
no occurrences of p, let 8,...,8,, be formulas which are either negative or
downwards monotone in p. Let:

Y :=-ANlerVp),....(an, VDP),B1,-- -, Bp,:01,...,0n,)

’YH = _'/\(/\(ﬂl"' . anb)[p/_'/\(alv" . 7ana)]’017' . '707%)
Then: 4" ~ v".

Proof. For the equivalence rule, the result follows immediately.

The rest of the rules are in the form —¢' =~ —¢” for some formulas ¢’ and
¢". Let g be a general discrete frame, and let w be a world in g. To prove
that —¢' ~ —¢”, it is enough to prove that for every model M over g, such that
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[ck]y = {w} and M I ¢/, there is a model M’ over g, such that [cg]yy = {w} and
M’ Ik ¢", and vice versa.

Polarity reversing rule: Because negations of admissible valuations are admis-
sible, we set M’ to be equal to M, except [p]y is set to be the complement of [p],;.
The implication follows by Definition 5. The converse follows analogously.

Positive elimination rule: Let W be the universe of M. By induction on ¢, we
get that [@y C [plp/ ]Iy

First, let [cx]y = {w} and M IF ¢. We set M’ to be equal to M, except [p]yy
is set to be W, which is admissible. We have that W = [¢]\; € [olp/T]ly =
[élp/ Tlpe» by Proposition 7. Therefore, [¢p[p/ Ty = W.

Now, let Jeg]yy = {w} and M IF @¢[p/T]. We construct M’ in the same way, and
it is straightforward to prove that [¢]yy = W.

Negative elimination rule: Follows from the polarity reversing rule and the
positive elimination rule.

O-rule: Let R be the (converse) relation of M, which corresponds to O.

First, let M IF (¢ A (¢1 VOga)), suppose that M ¥ (¢/ A (O "¢y V ¢a)). Then,
there isawy, € W: M, u, ¥ (D_1¢1 V ¢2) Then, M, w; ¥ D_1¢1 and M, w; ¥ ¢s.
Therefore, there isaws € W: M, ws ¥ ¢1 and we R wy. However, M IF (¢ Vo),
therefore M, ws |- Oeg, so M, wy IF ¢2, contradiction.

Now, let M I (¢' A (O ¢y V ¢a)), suppose that M W (¢’ A (¢1 V Oga)).
Analogously to the above, we derive a contradiction.

Q-rule: Let M = (g#,V,A). Let Ry be the relation or converse relation of M,
corresponding to ¢.

First, let M IF (¢’ A (=’ V O¢)), and let wy := A(¢’). Then, M, w; IF O¢. So,
there is a wy € W: w1 Ry we and M,wy IF ¢. We set M’ := M[¢” — wy]. By
Proposition 7, and by the hypothesis on ¢”, the condition holds.

Now, let M IF (¢' A (=’ VO’ A (=" vV @))). Then, M I (¢' A (= vV O9)).

The Ackermann rule: It is easy to show that if B is negative in p, then it is
downwards monotone in p. Let a be A(aa,...,an,), B be A(B1,...,Bn,), and B
be downwards monotone in p. First, let M I+ —y', so M IF (a V p) and M I+ B.
Then, [-a]y C [ply, therefore W = [B]y C [Blp/—ally, so M IF =", Now, let
M F —", and let M = (F,V, A). Let V/(p) := [-a]y, and let V' (p') := V(p’) for
other variables p’. Let M’ := (F, V' / A). Then, M’ IF —. O

Definition 18. (Standard Translation) In the function definition below,

st(n,x, @) stands for special standard translation for pure formulas, or simply stan-
dard translation. For st(n,x,¢), we assume that ¢ is pure, that x is z;, such that

¢; does not occur in ¢, and that n is such that ¢, X* e, ¢}
stn,x, 1) := L
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st(n, z;, (1 V @2)) = (st(n,zi,¢1) V st(n',x;,d2)), where n’ is the least number
such that n’ > n, n’ > 4 and for all x;, occurring in st(n,z;,¢1), n' > j.
st(n, z;, (01 N @2)) = (st(n,z;, 1) A st(n',x;,¢2)), where n’ is the least number
such that n’ > n, n’ > and for all z;, occurring in st(n, z;,¢1), n’ > j.
st(n,z, (U)@) := Irnst(n + 1, 2n,¢)

n,x,00 @) := Ixnst(n + 1, zn, @)
st(n,z, [Ulp) := Vepst(n + 1, 2,, )

st(n,z, 0o @) := Vapst(n + 1, 2, )

st

stn,x,0; @) == Ixn((xn 75 ) A st(n + 1, 2n,0))
st(n,z,[;@) = Vap(—(x r; xn) Vst(n+ 1, zn,9))

st(
o
En x, Qi ) = Arn (15 Tp) A st(in + 1,2y, 9))
(
(

stin,z,0;7'@) = Van (= (xn 75 ) V st(n + 1,2,,8))
It is immediate that st defines a unique function if the conditions for it hold. It is
also clear that the result of st can be effectively obtained.

An easy, but somewhat tedious, induction on pure formulas ¢ shows that,
under the above assumptions for n and x;, for any model M and any world w in
M, it is the case that M, w IF ¢ iff M[¢; — w] F st(n,x;,¢). We call this the main
property of st.

Lemma 19. (Standard Translation Lemma) Let ¢, be a nominal, and let
¢ be a pure formula. Then for ¢ there can be effectively obtained a first-order
formula ¥ (g ), such that ¢ ~g P (xg).

Proof. Let @ be such that ¢; X' ¢. Consider ¥: Vz;, ...V, Jr;st(n,z;, @),

where ¢, X* - {ci, ¢}, and [j1,...,Jm] are such that [¢j,,...,¢;, ]| is the list of
members of NOM(¢) \ {ck} in left-to-right order of initial occurrence in ¢. Note
that 9 can be denoted by 9(xg), because the only free variable, if any, is . We
show that ¢ ~g 9(x). For convenience, denote —¢ by ¢@’.

For given F and w in F, let M = (F,V,A) be a model over F such that
M,w IF ¢, and M I ¢'. By the main property of st, for every wy in F: M[¢; —
wq| E st(n,x;, @) iff M,wy |- ¢’'. Therefore, M F Va;st(n, z;,¢’'). Because A assigns
every nominal, M F 3z, ... 3x;, Vr;st(n,z;,¢"). Because A(cx) = w, and because
Tk is the only free variable in 3z, ...3x; Va;st(n,z;,¢'), if any, we have that
F &3z, ... 3z Vaist(n,z;, ¢')[w].

Now, for given F and w in F, let F F 3z, ... 3x; Va;st(n,z;,¢")[w]. Let M
be any model over F, then M[cg — w]| F Jzj, ... 3z, Vaist(n,z;,¢'). We define
the model M’ over F, such that M’,w IF ¢ and M’ I ¢’. Because there are states
Vjy,-..,v;, inF, such that Mcx — w][cj, = vj,]...[¢j,, = vj,. ] E Vast(n, z;, @),
we set M to the above modification of M. We show that M’ F Vz;st(n, z;, @) iff
M’ I ¢’. But this follows by the main property of st and Definition 12. O

Now, we need a deterministic and terminating strategy for applying the SQEMA
rules. Equations are formulas of the kind (¢’ — ¢¢”) or of the kind (¢’ ¥ ¢”), such
that ¢’ and ¢” are in negation normal form. A system is a formula of the kind
= A(x1,---,Xn) for some n > 0, where xi, ..., Xn are equations. We use o for sys-
tems of equations and x for equations. o is solved for p iff there are no occurrences
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of pin 0. o is solved iff it is pure. The algorithm first splits the input formula,
by the conjunction lemma, into several systems of equations, trying to solve each
of them in sequence. Below, we say that ¢ is a new nominal, if ¢ is such that:
if y1,...,7n are all formulas that have occurred as input or dlg.é"ing the execution
of any branch of the algorithm so far, it is the case that ¢ X' {v1,...,Ya} (see
Definition 2).
Ifois = A(X1;- -5 Xm), we denote by o [X;//X1:-- -, Xim): " A1, - -5 X5=15 X1
s Xm> Xj+1s - - - » Xn). We denote by o[p//—p] the system of equations, produced
from o, where, simultaneously, every occurrence of p has been replaced with —p
and every occurrence of —p has been replaced with p.

We now describe a deterministic version of the SQEMA algorithm from [6].
The algorithm Deterministic SQEMA
INPUT: ¢ € ML(T,U)
OUTPUT: (success, fol(¢)) or (failure)

STEP 1: Rewrite ¢ in negation normal form. Then, distribute all boxes,
which are not in the scope of a diamond, and all disjunctions, over conjunctions as
much as possible, using the semantic equivalences:

Rule 1.1: O(¢1 A ¢2) = (O¢py A Oegpa)
Rule 1.2: ((¢1 Ad2) V ¢3) = (1 V @3) A (2 V ¢3))

Rule 1.3: (@1 V (¢2 A #3)) = (1 V ¢2) A (d1 V ¢3))

Thus, obtain ¢ = A(¢1,. .., ¢n) where no further applications of rules 1.1, 1.2
or 1.3 are possible on any ¢;. Now reserve the nominal cg, such that ¢, X* ~ [0
(see Definition 2), and use it throughout the steps. Proceed with STEP 2, applied
separately on each of the subformulas ¢;, and if it succeeds for all ¢;, proceed
to STEP 5. Otherwise, if anyone of the branches for a single ¢ fails, then return
(failure) as output and stop.

STEP 2: Let ¢; be one of the conjuncts from STEP 1. Let ¢’ be the normalized
form, of —¢;, which we define below, but for now it suffices to know that it means
that ¢’ is in negation normal form, and any variable, that occurs only positively or
negatively in —¢; has been replaced, by the positive or negative elimination rules,
with T, or L, respectively. Now, construct the equation (—c ¥ ¢'), where ¢ is the
nominal from STEP 1. By the sufficient condition and the equivalence rule, try
solving o: = A((—ck V ¢')) by proceeding to STEP 3.

STEP 3: Let the current system be o. For every permutation of PROP (o), try
it as the variable elimination order, trying to eliminate each variable in that order
by proceeding to STEP 4 with a new, empty backtracking stack. If a permutation
succeeds, and thus, all propositional variables have been eliminated from the current
system, proceed to STEP 5. If all elimination orders fail, report failure for the
current system and go back to executing STEP 2.

STEP 4: Take the propositional variable p that has to be eliminated and
the system og as input. Save a backtracking context (p,oq), to the stack for the
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application of the polarity reversing rule, but only if the input hasn’t come out of
the stack. Deterministically apply the SQEMA rules in order to try eliminating all
occurrences of p, converting oy to o1. Use the deterministic strategy for SQEMA
rules application which is shown below. If p has been eliminated, report success
and return the normalized form of o; (defined below) to STEP 3 to try eliminating
the remaining variables. If this fails, check if the backtracking stack is empty. If it
is empty, report failure to eliminate p and resume executing STEP 3 to try other
permutations. Otherwise, backtrack to the context (p’,o() from the top of the
stack, which may apply to a previous variable, then execute STEP 4 with p’ and
ailp’//—p'], skipping the saving of backtracking context.

STEP 5: If this step is reached by all branches of the execution, then all
propositional variables have been eliminated from all systems resulting from the
input formula. Let all pure systems be oq,... On- For each pure system oj, let
NOM(o3)\{cx} = {CJ'{" c G },and let ¢, X' {ck,0:} (see Definition 2). Using
the standard translation lemma, let fol;(¢) be: V.. Vo ATm,; SE(Mi+1, Ty, 04).

Let fol(¢) be A(foly(¢),...,fol,,(#)), by the conjunction lemma, Lemma 19. Re-
turn the result (success, fol(¢)).

Now, we define: a) the normalization of a formula used in STEP 2 with dia-
mond extraction, b) the normalization of a system of equations used in STEP 4,
and c) the deterministic SQEMA rules application strategy.

a) It is clear how we can obtain a formula in negation normal form for a given
7, such that [l 1 and Oo 1 do not occur, because these are semantically equivalent
to [U] and (U). We use this procedure to reduce the number of subformulas in the
output, by applying the equivalence rule for some obvious boolean and modal laws,
as well as the following rules for the universal modality:

For j € {1,2}, we use U, for either [U] or (U), we use ) for either V or A.

Replace with Replace with
(c1 = (U)e2) T ((U)v1 Vy2), for v ==y | T
UrUzy Uy (U)y Vv Oy) (U
OuU:y (UiyvOl) (U)y V) (U
[Ul(Uiy1 § Uzy2) | (Uim § Uay2) || ((U)y AO7) Oy
[U1([Uiy1 § 72) (Ui O [Ulye2) || (({U)y A7) g
[U]=c L ([Ulm Av2), for 2 =-m | L
QU (Ury AQT) ([Uly AOv) Uy
(YU § Uzy2) | (Uim1 § Uay2) || ([Uly A7) (Ul
(U) (Ui § 72) (Ui § (U)y2) || ([U]y vOy) Oy
(U)c T (UlyVvy) ol

Then, we define a procedure for constructing a conjunctive normal form, using
the standard definition of this notion. It is clear how this normal form can be
constructed. During this construction, also perform diamond extraction, applying
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the rule (O¢' V 0@") = O(¢' vV ¢”). Attempt to eliminate semantically equivalent
or opposite members of any disjunction, by comparing their normal forms. The
output must not have subformulas of the kind (L { v) or (v { L).

Two improvements can be made: during the elimination, a tableaux method
for ML(T,U) could be used to prove an equivalence, instead of comparing nor-
mal forms. Also, in the conjunction construction phase, modal resolution can be
performed, as in example 6.14 of [7].

This is the normalization procedure for 7, which produces the normal form of
v: First, convert v to negation normal form, then convert the result to conjunctive
normal form simultaneously performing diamond extraction, by the equivalence
rule, then perform box extraction using the semantic equivalence (O¢y A Oge) =
O(¢1 Ad2), and finally replace any variables that occur only positively or negatively
in vy with T, or L, respectively. Repeat the whole process until no further changes
to the formula can be made.

b) Now, we normalize a system of equations o. Let 0 be = A(x1,...,Xn). Let
¢' be the normal form of A(x1,...,xn). If ¢ is of the kind (¢ V ¢”), then the
normal form of o is = \((—e Y ¢")); otherwise, it is = A((L ¥ ¢')).

c¢) The deterministic strategy for applying the SQEMA rules for a given variable
p is to use the step function (given below) repeatedly until either a formula without
occurrences of p is reached, or failure is obtained.

Definition 20. (Deterministic SQEMA Step) We describe a single step of the
strategy, which is uniquely defined for o and p.

(1) If p X o, then the result is o.
(2) Else, if 0 is = A((a1 Y p),...,(an, ¥ D),B1,...,B,,,01,...,0,,), where

ng >0, n, >0, n >0, p X {ai,...,an,,01,...,0,,}, and By,...,8,,
are formulas which are negative in p, then we can apply the Ackermann
rule for p and o. Let for 1 < I < n;, B] be obtained from B; by replac-

ing all occurrences of —p with A(e1,...,a,,). Then the result for o is
-AB, - .. ,,B;%,Ol, ey 0n,).
This can be improved by allowing B, ..., 8,,, to be downwards monotone in p.

This can be tested by proving [U]([U](" — p') — [U](Bilp/?'] — Bilp/p"])),
such that p’ & By and p” X* B, using a tableaux method.

(3) If we are not in any of the above two cases, then there is at least one positive
occurrence of p in o, which is not in an equation of the kind (a V¥ p), such
that p X' a. For convenience, let ¢ be = A(x1,...,Xm), let j be the least
number, such that p occurs positively in x;, x; is not as described, and let

let xj be (¢’ ¥ ¢1).

(3.1) If ¢1 is (¢2 A ¢3), then, by the equivalence rule, the result for o is
olxi// (@Y 1), (¢ ¥ 2)l.

(3.2) If @1 is (@2 V @3), then there are three cases. If p X' @2, then by the
equivalence rule the result for o is ox;//((¢' V ¢2) ¥ ¢3)]. Otherwise, if
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P X' ¢3, then, by the equivalence rule, the result for o is ox;//((¢' v
#3) ¥ ¢2)]. Otherwise, the result for o is failure.
(3.3) If ¢1 is Oga, by the box rule, the result for o is o[x;//(O71¢' Y ¢1)].
(3.4) If ¢y is Q¢ and ¢’ is either =’ or (L V =), then, by the diamond
rule, let ¢’ be a new nominal, then the result for ¢’ is olx;//(c —
0c"), (=" ¥ ¢1)].

(3.5) If we are not in any of the above four cases, the result for o is failure.

It is immediate that the above describes a uniquely defined effective function
over the systems of equations and propositional variables. We denote the function
by step.

Immediately by the definition of step, we have that o ~j step(a,p) by the
SQEMA rules, Proposition 17.

We prove that the application of step can be composed only finitely many times
for o and p, before reaching either a o', such that p X o', or failure.

Indeed, if the result is ever obtained by (1), (2), (3.5), or the failing condition
of (3.2), it is clear that this is the final application of step. Therefore, suppose there
is an infinite sequence of results, obtained by (3.1), (3.3), (3.4), or the non-failing
conditions of (3.2). Then, there is an infinite sequence 09,01, ..., and let Sy, S1, . ..
be the sum of lengths of right-hand sides of equations in the corresponding o-s. It
is clear that Sy > 0 and for 7 < j, S; > S}, which is impossible. Therefore, we can
only apply step a finite number of times. L]

This concludes our definition of Deterministic SQEMA and the proof for its
soundness and termination.

5. SAHLQVIST AND INDUCTIVE FORMULAS

We now examine some famous classes of elementary formulas and we prove
that Deterministic SQEMA succeeds for them.

We use ideas from the proofs in [6].

Definition 21. (Sahlqvist formulas) A bozed atom is a formula ¢, which is
either a propositional variable p or O¢’, where ¢’ is a boxed atom. A Sahlquist
antecedent is a formula built up from T, L, boxed atoms and negative formulas,
using A, V and Q. A Sahlquist implication is of the form (¢’ — ¢"), where ¢’ is a
Sahlqvist antecedent and ¢” is positive. A Sahlquist formula (in the classical defini-
tion) is built up from Sahlqvist implications by using boxes and conjunctions, and
by applying disjunctions only between formulas which do not share propositional
variables. An extended Sahlquist formula is built up from Sahlqvist implications by
using boxes, conjunctions, and disjunctions. From now on, we simply say Sahlquist
formula instead of extended Sahlquist formula.

A boxed piece is a formula ¢ which is either p, O¢’, Neg, (pure\ ¢'), (¢’ V pure)
or (@) A ¢5), where ¢', ¢}, and ¢4 are boxed pieces, Neg is a negative formula,
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pure is a pure formula, ¢ is in negation normal form, disjunction over conjunction
distribution may only apply to negative or pure subformulas of ¢.

A good piece is a formula ¢ which is built up from boxed pieces using A and ¢
such that ¢ is in negation normal form, disjunction over conjunction distribution
may only apply to negative or pure subformulas of ¢, and also the following diamond
distribution rule — ¢ (71 V y2) = (071 V O72) — may only be applied to diamonds
within negative or pure subformulas.

We denote by 4 a formula which is either a boxed piece, or of the form (—¢cV ¢)
where ¢ is a good piece. We denote by 8’ a formula which is either a 4, or of the
kind ((L V —e) V ¢) where ¢ is a good piece. We denote by 8" a formula which is
either a 8, or of the kind (¢ V —¢) where ¢ is a good piece.

Proposition 22. If o is a system of equations, where each equation x of o is
such that either x is a §', or x is of the form (L ¥ A(d7,...,8l)), then

1) Applying step gives a system of the same kind, and never failure.

2) The result of a system normalization procedure on o is also a system of the
same kind.

3) On Sahlqvist input formulas, Deterministic SQEMA only works on systems
of the above kind. ([l

Corollary 23. Deterministic SQEMA succeeds on every Sahlqvist formula at
the first permutation of its variables, without backtracking. ([l

Definition 24. (Inductive formulas) Let # be a symbol, which is not in
the alphabet of ML(T,U). # is a box-form of #. If B(#) is a box-form of #,
then OB(#) is a box-form of # for any O, and (¢ — B(#)) is a box-form of
# for any positive formula ¢. Replacing all occurrences of # in B(#) with p,
we get B(p), a bozx-formula of p. The only positive occurrence of p in B(p) is
the head of B(p), and any other occurrence of a propositional variable in B(p)
is inessential. For convenience, we also say that p is the head of B(p) and the
variables which have inessential occurrences in B(p) are inessential. A monadic
reqular formula (MRF) is a modal formula built up from T, L, positive formulas
and negated box-formulas by applying A, V and . The dependency graph of a
set of box-formulas B = {B1(p1),..., Bn(Pn)} is a directed graph G(B) = (V, E)
where V' = {p1,...,pp} is the set of heads in B and F is the set of edges, such that
(pi,pj) € E iff p; occurs as an inessential variable in a box-formula from B with
head pj. A directed graph is acyclic iff it does not contain directed cycles. The
dependency graph of an MRF ¢ is the dependency graph of the set of box-formulas
which occur in the construction of ¢ as an MRF. A monadic inductive formula
(MIF) is a monadic regular formula with an acyclic dependency graph. We say
that a conjunction of MIFs is an inductive formula.

We extend the definitions to negation normal forms of the above.

We define an extended box-formula of p thusly: p is an EB(p), OEB(p) is an
EB(p), (EB;(p) A EB2(p)) is an EB(p), if Neg’ and Neg” are negative formulas,
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then each of (Neg’ vV EB(p)), (EB(p) v Neg'), (Neg” N EB(p)) and (EB(p) A Neg")
is an EB(p), and also EB(p) is in negation normal form. Here, p is the head of the
extended box-formula, any occurrences of propositional variables in any of the Neg’
formulas is inessential. The dependency graph of EB(p) is defined analogously to
the above, but note that the variables of any Neg” do not count as inessential.

PureBoz is a pure formula built up from negated nominals, L, V and .

We say that a formula ¢ is a Good formula if it is such that ¢ is in negation
normal form, and ¢ is either EB(p), Neg, (¢1 A ¢2), O¢' outside the scope of
boxes and disjunctions, O¢’, (¢’ V PureBoz), or (PureBox V ¢'), where Neg is a
negative formula, ¢, ¢1 and ¢ are Good formulas, and also the following diamond
distribution rule — ¢(v1 V y2) = (01 V O~2) — may only be applied to diamonds
within negative or pure subformulas. The dependency graph of Good is the union
of the dependency graphs of the occurring formulas of kind EB(p), and we require
that all Good formulas have an acyclic dependency graph.

A good system is a system of equations ¢ = = A(x1, - -, Xn), Such that every x;
is a good equation with an acyclic dependency graph G(x;) defined below, G(o) =
U{G(x1),-..,G(xn)}, G(o) is acyclic, where exactly one of the following holds for
each x;:

good.1. yx; is either (Neg;, ¥ Neg;,) or (¢; — Ocl), with G(x:) = (0,0),

good.2.1. x; is not of kind good.1, but is either (—¢; ¥ Good;) or ((L V —¢;) Y
Good;), with G(xi) = G(Good;),

200d.2.2. x; is not of the kind good.1 or good.2.1., but is (PureBoz Y Good';),

such that 1. there are no diamonds in Good'; outside of box-formulas or negative
subformulas, 2. G(x;) = G(Good';),

good.3. x; is not of the above kinds, but x; is (Neg; ¥ EB}(p;)), such that x;
is some EB;(p;) with an acyclic graph, and G(xi) = G(EB;(p;)),

good.4. x; is not of the above kinds, but x; is (L ¥ A(d1,...,0,)), where
each §; is either 1. negative with G(d,) = (0,0), 2. (-¢ V Good) or (Good V —c)
with G(§;) = G(Good), 3. (PureBoz \/ Good') or (Good' \V PureBoz) with G(J;) =
G(Good'), such that there are no diamonds in Good’ outside of box-formulas or
negative formulas, or 4. an EB with G(0;) = G(EB) - an acyclic graph. The graph

G(xi) = U{G(01),...,G(6m)} is acyclic.

Claim 25. Every output of step, where the input is a good system, is a good
system.

Proof. Consider result, which is step(o,p), where for o the invariant holds. We
show that result is not failure and that the invariant holds for result.

If result is obtained from (1), then the invariant holds.

If result is obtained from (2), the Ackermann rule, then result is o/, o is

“Aller Yp),...,(€n, YP),B1,.-.,Bp,,01,...,0,,), such that p ¥ ai,...,ap,,
01,...,0,,. Then, each (a ¥ p) is of the form good.2.1, good.2.2, good.3, or good.4,
so each a is a Neg, and the occurrences of —p within every B are in occurrences of
a Neg within .
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It remains to prove that G(o') is acyclic. It would follow that the graph of
every resulting equation is acyclic and that each of the resulting equations are in
some of the good equation forms.

Because of the replacement, for every edge (q1, q2) of G(o”) either (g1, ¢2) is an
edge of G(o) or there are edges (q1,p) and (p, g2) of G(a). Then for every cycle in
G(o”) there is a corresponding cycle in G(o). Hence G(d”) is acyclic.

Then ¢’ is a good system.

If result is obtained from (3.1), then result is 6’. We have split on A an equation
of type good.2.1, good.2.2, good.3, or good.4. Equations of type good.2.1 split into
two equations of type good.2.1, or one of type good.1 and one of type good.2.1.
Equations of type good.2.2 split into two equations of type good.2.2, or one of type
good.1 and one of type good.2.2. Equations of type good.3 split into two equations
of the same kind, or one of kind good.1 and one of kind good.3. Equations of
kind good.4 split into two equations, each of them of type either good.1, good.2.2,
good.3, or good.4. All resulting equations are good equations, because the resulting
equations have graphs that are subgraphs of the original ones. Hence ¢’ is a good
system.

If result is obtained from (3.2), then let the changed equation of  be x, which
is (¢’ VY (92 V 3)). We have that x is not negative, and because of the invariant for
o and the definition of Good, we have that x is either of type good.2.1, good.2.2,
good.3, or good.4 with m = 1.

First, let x be of type good.2.1, good.2.2 or good.3. Then ¢’ is negative.
Because the graph of x is acyclic, either p X* @2, with @2 negative or pure and ¢3
a Good formula, or vice versa. So result is ', not failure, and the invariant holds
for o’ because we have converted x to an equation of type good 2.1, good 2.2 or
good.3 with a graph that is the same.

Now, let x be of type good.4 with m = 1. Then ¢’ is L. Then, because p occurs
positively in x, there are three cases for (¢o V ¢3). If (¢2 V ¢3) is (—¢ V Good) or
(PureBoz \V Good'), then p X' ¢2. If (¢2 V ¢3) is (Good \ —c) or (Good'\ PureBoz),

then p X' @3. In these two cases we have converted x into an equation of type
good.2.1 or good.2.2. If (¢2 V ¢3) is an EB(p’) with an acyclic graph, then clearly
p is p’. Either ¢ is negative and p X* ¢2 or @3 is negative and p X" ¢3. In this
case we have converted x into an equation of type good.3.

In either case, result is o/ and the invariant holds for o”.

If result is obtained from (3.3), then result is ¢’. Suppose for the sake of
contradiction that we have changed an equation x of kind good.4. Then either y is
a negative formula, which contradicts the fact that x is not of kind good.1, or the
right-hand side of x is a box, which contradicts the fact that x is not of kind good.3.
Now, because p occurs positively in the changed equation of o, there are three cases.
First, an equation of type good.3 was changed, then we have converted the equation
into another one of type good.3 with a graph that is the same. Second, we have
converted an equation of type good.2.2 into another one of the same kind, with a
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graph that is the same. Third, we have converted an equation of type good.2.1
into an equation of type good.2.2 with a graph that is the same. Therefore, the
invariant holds.

If result is obtained from (3.4) or from (3.5), let the first equation of & where
p occurs positively and which is not of kind (a ¥ p) such that p ¥* a, be x, which
is (¢' Y Q¢s). Because x is not negative, x can only be of type good.2.1, and the
result can only have been obtained from (3.4). The invariant holds because we have
converted y into an equation of type good.1 and an equation of type good.2.1. [

Claim 26. Every output result of the system normalization procedure, where
the input is a good system, is a good system.

Proof. It can be verified that the negation normal form procedure, followed by
the conjunctive normal form procedure with diamond extraction, followed by the
box extraction procedure, output a good system with a graph which is a subgraph
of a graph of the original. (|

Claim 27. On inductive input formulas, Deterministic SQEMA only works
on good systems, with the starting equation being either of kind good.1 or of kind
good.2.1.

Proof. By Claim 25 and Claim 26, it is enough to show that every initial
equation is one of the kinds good.1, good.2.1, good.2.2, good.3, or good.4.

It can be verified that every initial equation on inductive formula inputs is of

kind good.1 or good.2.1. O

Corollary 28. Deterministic SQEMA succeeds on every inductive formula at

the first permutation of its variables, without backtracking. 0
6. EXAMPLES

Let us consider the formula (Cypg — [U]po). After negation and normalization,
the initial equation is (—co ¥ ((U)—po A O1po)). The system is split into two
equations using the Equivalence Rule: (—co ¥ (U)=po), (mco ¥ Oipg). Then, the
Box-Rule is applied: (—co ¥ (U)=po), (A7 '=co ¥ po). After that, the Ackermann
Rule is applied: (—co ¥ (U)O; *—co). The final result is: (success, V(2o r1 21)).

Now, let us take Lob’s formula (O;(01pp — po) — Oipg). The initial equa-
tion is (—cp Y (O1—po A1 (01700 V po))). The Equivalence Rule is applied: (—c¢g ¥
O17p0), (mco ¥ O1(017poVpo)). The Box-Rule is applied: (—¢o ¥ ¢1-po), ([Il_lﬂco v
(O17poVpo)). This is where we have our first failure to eliminate pg, so backtracking
occurs. We backtrack to the initial equation, reversing the polarity of pg: (—co ¥
(O1po A O1(C1po V —po))). The Equivalence Rule is applied: (—co ¥ O1po), (o ¥
O1(01po vV —po)). The Box-Rule is applied: (—¢o ¥ O1po), (Dl_l—'co vV (Q1poV—po))-
Here we fail again. The backtracking stack is empty, so the result is (failure).
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7. AXIOMATIZATION OF ML(T,U)

Here, we follow the axiomatic system for nominals and universal modality,
described in [17, 18, 12], with some differences in the proofs.

We show an axiomatic system for the valid formulas from the language ML(T', U).
For simplicity of the axiomatic system, we use implications and we only use ¢, A, V,
- and T as defined symbols. We use p and q for variables. Therefore, our language
for this section becomes:

¢ = Llplc|(¢ — ¢)|Tip|T; '

Definition 29. (Admissible Form) Let # be a symbol, which is not in the
alphabet of ML(T,U). # is an admissible form. If AF(#) is an admissible form,
then so are OAF (#) and (¢ — AF(#)). The formula, obtained by replacing all
occurrences of # with ¢ in AF(#) is denoted by AF(¢).

We use the same notation for nominal substitution, replacing a nominal with
another nominal, as the notation for uniform substitution.
Azioms:
The axioms of propositional calculus.
(K) (@(p — q) — (Op — Qgq)) for every box O
(T for U) ([Ulp — p)
(B for U) (p— [U1(U)p)
(4 for U) ([Ulp — [U][U]p)
(U) ([U]p — Op) for every box O
(GP) (p — 0;0; 'p) for every number 4
(HF) (p — O; 1<>,p) for every number 4
(Noml) (U)e
(Nom2) ({U) (e A p) = [U](c = p))

Rules: b1 (6 &) P

Modus Ponens (Mp); $1\#1 — €2 , Gen: —=—,

(NP, 0
Uniform Substitution: L,, Nominal Substitution: L,,
olp/¢'] ¢l /"]

AF (—c) for some ¢ X' AF(#)
Cov*:
AF(L1)

A normal modal logic, or just logic, is a set of formulas A such that A contains
all axioms and is closed under applications of the five rules.

K (7,0 is the smallest logic. Let ¢ be a formula. We denote the smallest logic,
which contains ¢ by K7 1) +@ , and ¢ is called the axiom of K1 1) +¢@. We denote
by Fa @ iff ¢ € A. We use the capital greek letters I', A, ¥ for sets of formulas. A
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A-theory I is a set of formulas I' such that A C I and I is closed under applications
of MP and the infinitary rule Cov:

~AF(—c) for all ¢
Cov: AF (L)

The A-theory of a set of formulas T';, Thp(T'), is the smallest A-theory such
that I' C Th(T"). Despite the infinitary rule, the deduction lemma holds:

Lemma 30. (Deduction Lemma) (¢1 — ¢2) € Tha (L) iff o2 € Tha(TU{¢1}).

Proof. The left to right direction is obvious. Let ¢o € Tha(I' U {¢1}) and
let TV := {¢' | (p1 — ¢') € Tha(T')}. Easily, ¢ € T and A C Thp(T') C
IV. Also, IV is closed under applications of MP. To see that I' is closed under
applications of Cov, let AF(#) be an admissible form, and suppose that for each
nominal ¢, AF(—¢) € I”'. Then, by propositional reasoning, for each nominal ¢:
(pr = AF(—¢)) € Tha(I'). Applying Cov to (¢1 — AF(#)), we get that (¢p1 —
AF (L)) € Tha(T'), therefore AF(L) € I'', so I'” is closed under applications of Cov.
Therefore, Thy(I'U {¢1}) CI”, so by the definition of IV, (¢1 — ¢2) € Tha(I'). O

A set ' is A-consistent iff L & Tha(I'), and is A-inconsistent, otherwise. I is a
complete A-theory, iff I' is a A-consistent A-theory, and for every formula ¢, it is the
case that either ¢ € I' or —¢ € I'. T' is a maximal A-theory, iff I" is a A-consistent
A-theory, and for any set ¥ such that I' C 3, ¥ is A-inconsistent.

Corollary 31. A theory is maximal iff it is complete.

Proof. First, let I' be a complete A-theory and let for some set ¥ such that
rCcy ¢ecX\I. Then ~¢ €T, so by propositional reasoning 1. € Thy(X%). Now,
let T' be a maximal A-theory and let ¢ ¢ I'. Then, L € Tha(I' U {¢}), so by the
deduction lemma, (¢ — 1) € T", therefore ¢ € T. O

Note that the classical Lindenbaum lemma here has the following form:

Lemma 32. (Lindenbaum Lemma) Let I' be A-consistent. Then I' can be
extended to a complete A-theory.

Proof. Let ¢1,¢2,... be an enumeration of all formulas of ML(T,U). We
construct by induction an infinite chain of A-consistent A-theories I'o CT'; C ...
with the property that for every ¢ > 1, either ¢; € I'; or =¢; € I'; in the following
way. Let I'g be Tha(I'). Thus I'g is A-consistent. Suppose that I'; is defined.

1. U T; U{¢;} is A-consistent, let T';11 = Tha(L; U{d:}).

2. If T'; U {¢;} is A-inconsistent, then —¢; € I';. There are two cases.

2.1. If ¢; is not in the form AF(L), then let I';11 = T;.

2.2. If ¢ is AF(L) for some admissible form AF(#), then we show that there
is a nominal ¢; such that I'; U {—=AF(—e¢;)} is A-consistent. Suppose for the sake
of contradiction that for all e: T'; U {=AF(—c)} is A-inconsistent. Then by the
deduction lemma, for all e: (—AF(—-¢) — L) € I';, hence for all e: AF(—c) € T;.
Since I'; is a A-theory, by Cov, AF(L) € I';, so ¢; € I';. Thus I'; is A-inconsistent,
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which contradicts the A-consistency of I';. We conclude that there is a nominal ¢;
such that I'; U {—AF(—e¢;)} is A-consistent. Let I';11 be Tha(I'; U {=AF(—¢;)}).
According to the construction, I';4; is a A-consistent extension of I';.
Let It := U2 I
First note that L ¢ T'" since for all 1 >0, L ¢ T;.
Now we show that I't is closed under applications of Modus Ponens. Let

b1, (P1 — ¢2) € I'". Then there is a step i such that ¢1, (g1 — ¢2) € T';. But 'y is
closed under applications of MP, so ¢ € I'; C 't

We now show that I't is closed under applications of Cov. Let there be an
AF (#) such that for all e: AF(—¢) € I'" and suppose for the sake of contradiction
that AF(L) ¢ I't. There is an index 4 such that AF(L) is ¢;, and by case 2.2
of the construction, there is a nominal ¢ such that =AF(=¢’) € T';;1 C I't. By
propositional reasoning, 1. € I'", contradiction. Therefore, I'" is closed under
applications of Cov.

Since every formula is ¢; for some i, by the construction either ¢; € I';411 or
—¢; € I';41. Thus I'" is a complete A-theory. O

We denote by T'Fp @ if ¢ € Tha(T). Thus § Fp @ iff Fo ¢. M, w |- T iff for all
¢ €', M,wl-¢. We say that ¢ is a local semantic consequence of I' over the class
S of frames, denoted by I' IFg @, or, if I' = (), as S IF @, iff for every frame F € S,
every model M over F and every state w from F, it is the case that if M, w I+ T,
then M, w IF ¢. The class of frames of A, Fr(A), is the class S of all frames F such
that F IF A. T is satisfiable on S iff there is an F € S, an M over F and a w in F
such that M, w IF T,

Our goal is to examine the relationship between - and I-.

Soundness: 1f I =p @, then T' I (p) @.

Proof. All axioms are valid. Every rule preserves validity on any given frame.
The result follows in the usual way. U

The converse, known as strong completeness, can be proven for some logics.
Here, like in [21], we prove it for K(p ) and K ) + ¢ for di-persistent ¢.

Strong Completeness, First Form: If I' IFp.p) ¢, then I' 5 ¢.

Strong Completeness, Second Form: If I' is A-consistent, then I' is satisfiable
on Fr(A).

Proposition 33. The two forms of strong completeness are equivalent.

Proof. See [3]. Note that here we use the deduction lemma.

For every box O, we denote by OT" the set {¢ | O¢ € T'}.

Lemma 34. Let I', X and A be A-consistent A-theories. Then

1. The set IV := 0O is a A-theory and if for some formula ¢, O0¢ ¢ ', then I is
A-consistent.

2. [UT" is A-consistent, [U]I' C I" and [U]I' C O for every box.
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3. If T is complete, then O¢ ¢ T iff there is a complete A-theory ¥ such that
Or C ¥ and ¢ ¢ X.

If T and ¥ are complete, then (1" C ¥ iff ;'S C T

If I' and ¥ are complete, then [U]I' C X iff [U]X C T

If I', ¥ and A are complete, [U|]I' C ¥ and [U]X C A, then [UJA CT.

If I and ¥ are complete and [U]I' C ¥, then [U|l' = [U]X.

o O

Proof. We only show 1. The proofs for the rest are standard, and follow easily
from the axioms, 1., the deduction lemma and the Lindenbaum lemma.

Let (¢1 — ¢2),¢01 € I, therefore O(¢p1 — ¢2),0¢; € T'. Because of (K),
Fa (D(le — ¢2) — (qul — quz)), therefore, by MP, ngg eI, so ¢s € I’

Now, let for all ¢, AF(—¢) € T'. Then for all ¢, DAF(—¢) € T, so by Cov,
OAF(L) € " and hence AF (L) e V.

Finally, if O¢ ¢ T", then ¢ ¢ I and hence I'” is A-consistent. O

For given A and a complete A-theory T, let F be (W, R), where W is the set
of all complete A-theories 3, such that [U]I' C X, R(0) = W x W and for ¢ > 0,
(31,39) € R(7) iff ;%1 C Xy, Then F is called the A-canonical frame for I.

Proposition 35. Let A be a logic, I be a complete A-theory. If F = (W, R)
is the A-canonical frame for I', then

1. for every ¥ € W at least one ¢ € 3.
2. for every ¢ there is exactly one X € W such that ¢ € X.

Proof. 1. Let ¥ be a complete A-theory. Suppose that for all ¢, ¢ ¢ . Then, by
the completeness of X, for all ¢, —¢ € ¥. Therefore, by Cov, L € ¥, contradiction.

2. First, we show that for every ¢, there is a ¥ € W such that ¢ € ¥. Suppose
this is not the case, so there is a ¢ such that for all X € W, ¢ ¢ ¥. Then —¢ € ¥,
therefore [U]—c € I', which contradicts axiom (Nom1). Second, let for some ¢ there
be ¥1,¥5 € W, such that ¢ € 31 N Ys. Let ¢ € 1. Then, (¢ A ¢) € X1. Suppose
¢ ¢ Yo, then (¢ — —¢) € Xy. Now, there are two cases. First, if [U](c — —¢) € 2o,
then because of the definition of W, (¢ — —¢) € X, contradiction. Second, if
[U](e — —¢) ¢ X, then =[U](e = —¢) € o, so (U)(e A ¢) € ¥, then because of
(Nom2), [U](e — ¢) € Xg, but [U]Xs C X5, so ¢ € 3o, contradiction. So, we have
that 37 C X5. The converse inclusion is proven similarly, so > = . ]

It easily follows that all axioms of K (7 ) are valid in any A-canonical frame.

We are now ready to define the A-canonical model for a given complete A-theory
I'. Let F = (W, R) be the A-canonical frame for I', then we define M := (F, V, A),
where V(p) := {¥ € W | p € ¥}, and A(c) := X, where ¥ is the only element of
W, such that ¢ € ¥. The definition of A is correct by Proposition 35. It follows
that M is a named model.

Lemma 36. (Truth Lemma) Let M = ((W,R),V, A) be the A-canonical
model for some complete A-theory I'. Then for any formula ¢ and any X in M,
e Xiff M, X I+ ¢.
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Proof. Induction on ¢. For atomic ¢ and for L, the result follows by the
definition of the canonical model. For (¢1 — ¢2), the result follows by the induction
hypothesis and propositional reasoning. For [ Lo: first, let Py 1o € . Let
Wh={¥ e W | 0bY C ¥}. Because for any A-complete theory ', [U]%X' C
[0;3, we have that for all ¥, such that [U]YX C 0;% C X, it is the case that
[U]Y = [U]X = [U]T, therefore ¥ € W. Then, for all these ¥, O; 'S C ¥/, so
¢ € Y. Therefore, by the induction hypothesis, for all these ¥': M, Y’ IF ¢, so,
by the definition of R(i) and Definition 5, M, ¥ I [0, '¢. Now, let M, X I- O; ' ¢.
Then, using the same definition of W', we have that for all such ¥/, we can use
the induction hypothesis and find that ¢ € ¥'. Because W’ contains exactly all ¥/,
such that Di_lE C Y/, then it follows that D;1¢ € 3. For [;¢, the result follows
by Lemma 34. O

Theorem 1 (1) Kp,y) is strongly complete. (2) Kp,uy + ¢ is strongly com-
plete for any di-persistent modal formula ¢.

Proof. We use the second form of strong completeness. Like [15, 16, 5, 21]:

We show (1) and (2) together. Let A be either K(py or K(pp) + ¢. Let I'
be a A-consistent set. By the Lindenbaum lemma, there is a complete A-theory
't extending I". We construct the canonical model M for I'" and let its universe
be W. By the truth lemma, I'" is satisfiable in M at I'*, therefore I" also is. The
frame of M, F, also validates all axioms of K7 ), which proves (1). For (2), it
remains to prove that F validates ¢. Because M is a named model, we construct
g = (F,W), where W = {[¢']; | ¢' € ML(T,U)}. Because ¢ is di-persistent, it is
enough to show that g IF ¢. Clearly, M is a model over g and M IF ¢, so [¢],, = W.
If PROP(¢) UNOM(¢) = (), then we are done. Otherwise, let all propositional
variables occurring in ¢ be, in left-to-right order of initial occurrence, pq, ..., pn,
and let the nominals of ¢ be, in left-to-right order of initial occurrence, cq, ..., Cp,.
Then, clearly, for any model M’ over g, [¢]\ = [¢](s1,- .., Sn, w1, ..., W) for some
S1y...,8, € Wand w,...,w, €W, which, by the definition of W as the extensions
in M of all possible formulas, and the fact that every w; contains a nominal, is equal
to the following set: [@[p1/d1,...,Pn/bn,c1/ch, .., cm/cn]ly for some formulas
&1, ..., ¢, and some nominals ¢,...,c, . However, A C ¥ for any complete A-
theory ¥, and A is closed under applications of uniform substitution and nominal
substitution. Therefore, for all ¥ € W: ¢[p1/d1, ..., pn/bn,c1/cts .- em/cl,] € 2.
So, by the truth lemma, the result follows. O

Corollary 37. For all formulas ¢, for which Deterministic SQEMA succeeds,
K1,y + ¢ is strongly complete.

Proof. All formulas, for which Deterministic SQEMA succeeds, are di-persistent,
so the result follows by the above theorem. O
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8. PRE-CONTACT LOGICS

The language of pre-contact logics (PCL) is a first-order language with equality
(=) and without quantifiers. It is intended to be a propositional language for point-
free theories of space, as outlined in [1].

Boolean terms of PCL are: 7 ::= p|0|1| — 7|(7UT)|(T NT) where p is a variable,
0 and 1 are boolean constants. Atomic formulas are: o = L|T|(t = 7)|(7 <
7)|C (1, 7) where part-of (<) and contact (C) are binary predicates. Pre-Contact
formulas are: ¥ ::= a|-Y|(¥VY)|(¥Y A). We may use — and <> as defined symbols
with their usual meaning.

The usual definitions of Kripke frames and Kripke models are used.

If M = (F,V) is a model, where F = (W, R), then the valuation V' can be
extended to all boolean terms in the following way:

V)=0,Vv(1) =W

V(—m) =W\V(n)

V((Tl UTQ)): )UV(TQ)

V((’l‘l ﬂ’]’z)): )ﬂV(Tg)

The definition of truth of atomic formulas in a Kripke model M is as follows:
ME (1 =m) it V(r1) = V()

ME (1 < 1) iff V(1) C V()

ME C(ry, 1) iff 3xdy(z € V() ANy € V() ANz R(1) y)

Truth of pre-contact formulas in M is defined in the standard way.

We say that 1 is valid in a frame F, F F 1), iff ¢ is true in all models over F.

It is shown in [1] that pre-contact formulas can be represented as formulas of
ML(T,U). More precisely, there is a translation t : PCL — ML(T,U) with the
property that for every PCL formula ¢ and every Kripke model M, M F 1 iff
M IF t(¢). For describing the translation, we use the defined symbol <+ in the
language ML(T,U) with its usual meaning.

V(Tl
V(Tl

This translation t maps variables to propositional variables. Function symbols
map to the corresponding boolean connectives. t(0) = L € ML(T,U), t(1) =T €
ML(T,U). Let 71,72 be terms. The predicate symbols translate as follows:

t((11 = 12)) = [U](t(11) > t(72))

t((n < 7)) = [U](t(11) = t(72))

t(C(71,72)) = (U)(£(71) A O1%(72))

The boolean connectives translate to themselves.

Now, we discuss Sahlqvist PCL formulas, as defined in [2].

A positive term is built up from variables, —0 and 1, using only U and N.

A negation-free formula is built up from —(7; = 0) and C(71, 72), where 71 and
To are positive terms, using only T, V, and A.
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A positive formula is built up from —(m; = 0), (=7 = 0), (71 = 1), C(71,T2),
and ~C(—7, —72), where 71 and 79 are positive terms, using only T, Vv, and A.

A Sahlquist formula v is an implication (¢; — 12), where 1, is negation-free,
and 1), is positive.

To translate Sahlqvist formulas, as defined in [2], into Sahlgvist formulas in
ML(T,U), we define a modified translation t’ as follows:

t'(p) :==p € ML(T,U)

t/(0) := L € ML(T,U)

t/(1) ;=T € ML(T,U)

t/(—7) := —t'(7) where 7 is any term

t'((rp Ume)) := (t/(m1) V t'(72)), where 71 and 75 are any terms
t'((11 N 12)) := (t'(11) At/(72)), where 7 and 75 are any terms
t'((—=7 =0)) := [U]t/'(7), where T is any term.
( ),

t'((t =1)) := [U]t/'(7), where 7 is any term.
t'((m = 1)) = [U](t'(11) <> t'(72)), where (71 = 72) is not as in the above
two cases
/

(1) — t'(72)), where 71 and 7o are any terms

(1) A O1t/(12)), where 7 and 7» are any terms
t'(=C (=11, —72)) = [U](t'(11) VO1t'(12)), where 71 and 75 are any terms
t/(=(7 =0)) := (U)t'(7), where 7 is any term
t/ (=) := —t/(¢), where =) is not as in the above two cases

-t
/(1 V ) i= (' (41) V £'(¢2)) for any ¢ and 1y
)=

t/((1 Aip2)) == (¢/(¥1) At/ (¢2)) for any 1 and iy
It is easy to see, by induction on PCL terms and PCL formulas, that for any

PCL formula %, ¢ and t’(1) are true in the same models.

We show now how to derive a result from [2] that Sahlqvist formulas have
a first-order correspondent as a corollary to the fact that Deterministic SQEMA
succeeds on all Sahlqvist ML(T, U) formulas.

Theorem 2 The modified translation maps Sahlquist PCL formulas to Sahlquist
implications from ML(T,U).

Proof. An easy induction on PCL terms shows that t’(7) for a positive term
7 is a positive ML(T,U) formula. Similarly, it is simple to show that t’(¢)) for
a positive ¢ is a positive ML(T,U) formula. It remains to show that t’ maps
negation-free PCL formulas to ML(T,U) Sahlqvist antecedents. This again follows
from an easy induction, using the definition of t’. U

We use Deterministic SQEMA for the language of Pre-Contact Logic, by trans-
lating a pre-contact formula to a formula of ML(T,U), using t’, and running De-
terministic SQEMA on the translation. It immediately follows that Deterministic
SQEMA succeeds on the modified translation of any Sahlqvist PCL formula.
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It was proved in [1] that: Every pre-contact formula is complete with respect
to the class of finite frames defined by it. Hence, every pre-contact formula is
complete.

Theorem 3 FEvery PCL formula v, on whose modified translation Determin-
istic SQEMA succeeds and produces a FOL formula 1), is complete on the class of
frames defined by v)'.

Proof. By the properties of Deterministic SQEMA, t’(v) and v’ are locally corre-
spondent, therefore globally correspondent. By the properties of t’, 1 and t’(¢))
define the same class of frames, so ¢ and v’ define the same class of frames, there-
fore they define the same class of finite frames. By the above-mentioned result
in [1], ¢ is complete in the class of finite frames, defined by ', and therefore is
complete in the class of all frames, defined by )’. O

9. CONCLUSION

We have shown sufficient conditions for di-persistence and for the existence
of first-order correspondents. We have shown that SQEMA can be reduced to
a Deterministic SQEMA. We have proven that it always succeeds for Sahlqvist
and inductive formulas, and that it always terminates. We have shown the strong
completeness of all formulas, on which Deterministic SQEMA succeeds, in the
language of ML(T, U). We have extended Deterministic SQEMA so that it succeeds
on all Sahlqvist formulas of the pre-contact language. Deterministic SQEMA could
be extended via a resolution procedure and a tableaux method in the normalization
procedure and via a tableaux method in the step function.

It would be interesting to show how Deterministic SQEMA can be modified to
succeed on all formulas having only the universal modality.
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