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1. INTRODUCTION

We study quadrature formulae of the type
QU= aif(zi), 0<m<ay<---<mzp<1, (1.1)
i=1
that serve as an estimate for the definite integral
1
If] := /f(x) dz. (1.2)
0

Throughout this paper 7, will stand for the set of algebraic polynomials of degree
not exceeding k.
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The classical approach for construction of quadrature formulae is based on the
concept of algebraic degree of precision. The quadrature formula (1.1) is said to
have algebraic degree of precision m (in short, ADP(Q) = m), if its remainder

R[Q; f] :=1[f] — Qf]

vanishes whenever f € 7,,, and R[Q; f] # 0 when f is a polynomial of degree m+1.

The ADP-concept is justified by the Weierstrass theorem about the density of
algebraic polynomials in spaces of continuous functions on compacts. The pursuit
of quadrature formulae (1.1) with the highest possible ADP leads to the well-
known quadrature formulae of Gauss, Radau and Lobatto. The latter are uniquely
determined by having ADP equal to 2n — 1, 2n — 2 and 2n — 3, respectively, where,
in addition, the Radau quadrature formula has one fixed node being an end-point
of the integration interval, and the Lobatto quadrature formula has two fixed nodes
at the ends of the integration interval.

An alternative concept for evaluation of the quality of quadrature formulae
emerged in the forties of the 20-th century, namely, the concept of optimality in
a given class of functions. Its founders are A. Kolmogorov, A. N. Sard and S. M.
Nikolskii. Let us briefly describe the setting of optimal quadrature formulae in a
given class of functions.

Let X be a normed linear space of functions defined in [0, 1], with a norm || - || .
For a quadrature formula @ of the form (1.1), we denote by £(Q, X) the largest
possible error of () for functions from the unit ball of X, i.e.

£(Q,X):= sup |R[Q;[]].

I fllx <1

We look for the best possible choice of the coefficients {a;}?_; and the nodes {z;}?_,
of ), and set
En(X) = ing(Q,X).

If the infimum is attained for a quadrature formula Q°P* of the form (1.1), then
Q°P! is said to be an optimal quadrature formula of the type (1.1) in the space X.
Of particular interest is the case when X is some of the Sobolev classes of functions
W, and W], defined by

Wy ={f¢€ C"Y0,1], f — 1-periodic, f"~Y abs. cont. , | fllp < oo},
W, ={feC0,1], fr=Y abs. cont. , | f|l, < oo},

where

1 /p
151, = ([ 1) ™, it 1<p< oo and |fle = supvrailf(o)l

te(0,1)

In the periodic Sobolev classes W; there is an universal optimal quadrature for-
mula (i.e. optimal for all » € N and p > 1) of the form (1.1), namely, the n-point

146 Ann. Sofia Univ., Fac. Math and Inf., 102, 2015, 145-169.



rectangles quadrature formula and its translates. This is a result due to Zhensyk-
baev [14], special cases have been obtained earlier by Motornii [10], and Ligun [9].
The existence and uniqueness of optimal quadrature formulae in the non-periodic
Sobolev spaces W is equivalent to the existence and uniqueness of specific monos-
plines of degree r with a minimal L,-deviation from zero, (1/p 4+ 1/¢ = 1). This
was proved by Zhensykbaev [15], and Bojanov extended Zhensykbaev’s result to
more general classes of quadrature formulae involving derivatives of the integrand.
Obviously, &,(W,) < &,(W})), and it is known that (see Brass [6]) for 1 < p < oo,

lim —En(Wg)
n— 00 gn(WT)

p

=1.

A drawback of the optimality concept is that, in general, the explicit form of
the optimal quadrature formulae is unknown, a fact that vitiates their importance
from practical point of view. In particular, except for some special cases of r = 1
and r = 2, the optimal quadrature formulae in the non-periodic Sobolev spaces W
are unknown.

The way out of this situation is to step back from the requirement for opti-
mality, and to look for quadrature formulae which are nearly optimal. A sequence
{Q,} of quadrature formulae is said to be asymptotically optimal in the function
class X, if

E(Qn, X)

lim ———— =1

n—00 5n(X)

(here, @,, is supposed to be a quadrature formula with n nodes).

It has been shown in [8] that the Gauss-type quadrature formulae associated
with the spaces of spline functions with equidistant knots are asymptotically opti-
mal in the non-periodic Sobolev classes . The existence and uniqueness of such
Gauss-type quadrature formulae is equivalent to the fundamental theorem of alge-
bra for monosplines satisfying zero boundary conditions, which was proved in [7].
This fact was a motivation for investigation of such quadratures. Algorithms for
the construction along with sharp error estimates of the Gauss-type quadrature for-
mulae associated with spaces of linear and parabolic spline functions were proposed
in [11] and [13] (see also [12] for the case of cubic splines with double equidistant
knots). Recently, an algorithm for the construction of Gaussian quadrature formu-
lae associated with spaces of cubic splines with equidistant knots was proposed in
[1].

It should be noted that the complexity of the algorithms for the construction
of Gauss-type quadrature formulae associated with spaces of spline functions with
equidistant knots increases with increasing of the degree (that is, of parameter r in
W, ). For r > 3 such quadratures are constructed only numerically. This requires
high accuracy computations, especially when the number of the nodes is large. An
additional difficulty causes the fact that the mutual location of the spline knots
and the quadratures nodes is unknown.
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In [2] we proposed an alternative approach for generation of sequences of
asymptotically optimal quadrature formulae. There we constructed sequences of
asymptotically optimal quadrature formulae in the Sobolev classes W;l , for p=2
and p = oco. Our approach makes use of Euler-MacLaurin—type summation for-
mulae, in which the derivatives are replaced by suitable formulae for numerical
differentiation. An advantage of our quadrature formulae, besides their asymptot-
ical optimality, is the explicit form of their weights and nodes. In fact, most of the
nodes of our quadrature formulae are either those of the compound trapezium or
of the compound midpoint quadratures, to which we add a few more nodes.

Here we continue our study on this subject. The paper is organized as fol-
lows. In Section 2 we provide some well-known facts, including the Peano kernel
representation of linear functionals, the Bernoulli polynomials, monosplines and
numbers, the Euler—-MacLaurin—type expansion formulae, and the error representa-
tion of the compound trapezium and midpoint quadrature formulae in the periodic
Sobolev classes W In Section 3 we construct some sequences of asymptotically
optimal quadrature formulae in the non-periodic Sobolev classes W3, 1 < p < oo,
and evaluate their sharp error constants in the cases p = 1, 2, co. In Section 4
we construct two sequences of asymptotically optimal quadrature formulae in the
Sobolev classes W. Section 5 contains some concluding remarks.

2. PRELIMINARIES

2.1. SPLINE FUNCTIONS AND PEANO KERNELS OF LINEAR FUNCTIONALS

A spline function of degree r — 1 (r € N) with knots 7 < x5 < --- < x,, is a
function s(t) satisfying the requirements

1) S(t)|t€(xi,a:i+1) S Tr—1, 1= O, oy

2)  s(t) e C(R),

where zg := —o0 and x,41 := 0o. The set S,_1(x1,...,x,) of spline functions of
degree r — 1 with knots 1 < o < --- < x, is a linear space of dimension n + r,
and a basis of S,._1(z1,...,2,) is given by the functions

(Lt =) (=)
where u (t) is defined by
us(t) = max{t,0}, teR.

If £ is a linear functional defined on C0, 1] which vanishes on 74, then by a
classical result of Peano, for r €¢ N, 1 < r < s+ 1 and f € W], £ admits the
integral representation

—1
(—t%

L[f] :/o K, @t)f(t)dt, where K, (t) zﬁ[m], te0,1].
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In the case when L is the remainder R[Q); -] of a quadrature formula @) with algebraic
degree of precision s, the function K,.(t) = K, (Q;t) is referred to as the r-th Peano
kernel of Q). For @ as in (1.1), explicit representations for K, (Q;t), t € [0, 1], are

@i = S - S 21

r!

Ko (Qst) = (—1) [T, ,Zaz — ). (2.2)

If the integrand f belongs to the Sobolev class W, (1 < p < o), then from

1
RIQ:) = [ K@ 0f (0 d
0
and from Holder’s inequality one obtains the sharp error estimate

[RIQ; f1] < crp(@f Iy, where ¢p(Q) = [IEn(Q5 ) g, 1! +4qH=1. (2.3)

In other words, we have £(Q, W) = ¢ ,(Q). Throughout, ¢, ,(Q) will be referred
to as the error constant of Q in the Sobolev class W .

K., (Q;t) is also called a monospline of degree r with knots {z; : z; € (0,1)}.
From K,(Q;z) = R[Q; (- —2)""/(r —1)!] we deduce that K,(Q;x) = 0 for some
x € (0,1) if and only if @) evaluates to the exact value the integral of the spline
function f(t) = (t—x)7'. Thus, in order that a quadrature formula @ has mazimal
spline degree of precision, i.e., () is exact for a space of spline functions of degree
r—1 with a maximal dimension, it is necessary and sufficient that the corresponding
monospline K,.(Q;-) has maximal number of zeros in (0,1). Quadrature formulae
of the form (1.1) with maximal spline degree of precision are called, analogously
to the classical algebraic case, as Gauss, Radau, and Lobatto quadrature formulae,
associated with the corresponding spaces of spline functions. Similarly to the clas-
sical Gauss-type quadrature formulae, all the nodes of the Gauss-type quadratures
associated with spaces of spline functions lie in the integration interval, and all
their weights are positive [7, Theorem 7.1].

2.2. BERNOULLI POLYNOMIALS AND MONOSPLINES. EULER-MACLAURIN TYPE
SUMMATION FORMULAE

Recall that the Bernoulli polynomials B, are defined recursively by

1
Bo(z) =1, B.(&)=By 1(z), and /B,,(t)dt:o, veEN.
0

2?2 1 3 22z
I lar, B =x——-, B - 1+ _—_ B -2 _Z =
n particular, By(z) = = , Bs(x) 5 2+12, 3(z) ; 1 +12’
?1-2)2 1
B = —
1(@) 24 720

Ann. Sofia Univ., Fac. Math and Inf., 102, 2015, 145-169. 149



B,(0)
0
The notation B, (z) stands for the 1-periodic extension of the Bernoulli poly-
nomial B, (z) on R. The functions B, (z), v = 0,1,..., are called Bernoulli monos-
plines.

The Bernoulli numbers B, are defined by B, =

Throughout this paper, n € N will be fixed, and {zx,}}_, and {ye,}y_, are
given by

k 20 — 1
Tpn = —, k=0,...,n; Yon = ,
n 2n

(=1,...,n. (2.4)

The points {zx, }_o and {yen}j_, are the nodes of the n-th compound trapezium
and midpoint quadrature formulae Qg_’;l and QM?  given by

k=1
QI =13 flw). (2.6

Our asymptotically optimal quadrature formulae are obtained as appropriate mod-
ifications of QX" ; and Q2.

The following summation formulae of Euler-MacLaurin type (adopted for the
interval [0, 1]) are well-known, see, e.g., [6, Satz 98, 99]:

Lemma 1. Assume that f € W. Then

; (5]
2. By, f@vD(1) - f@v=1)(Q
/ fl@)de =QuLlf1 =) 5% f <>n2yf (0)
: . 1)
=" [5 ()
o
and
1 ; 5] 5 (2v—1)(1) — £@2r-1)
| e =i+ > (-2 5;3! s
0 v=1 (28)

1

0

Here, [t] denotes the integer part of ¢.
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2.3. THE SHARP ERROR BOUNDS OF Q] AND Q)" IN W]

As was already mentioned, the midpoint quadrature formulae {Q?}°° ; and
their translates are the unique optimal quadrature formulae in the periodic Sobolev
classes W . The trapezium quadrature formulae {Qn Y1 o= also can be considered
as translates of {QMZ}n 1, as the values of the mtegrand at the endpoints are
equal. For f € sz, 1 < p < o0, the sums in the right-hand sides of (2.7) and (2.8)
disappear, due to the periodicity of the integrand. Hence we obtain

1

RIQL 5 f] = B(n:c f<s><) (2.9)

o

and
RIQN"; f] = 1) / sc—— —d} £ () da (2.10)

where d is an arbitrary constant. Applying Hélder’s inequality to (2.9) and (2.10),
and taking into account that QﬂLl and QM are optimal quadrature formulae in

W, we obtain

RIQT 1 f1l < Ea(W Iy IRIQY I < ELV) 1Pl

where
s L. , 1 1
5n(Wp) I 1%f |Bs —dllg = |Bs — dspllq 2_7 + 5 =1. (2.11)
Some known values of the constant ds , are (see, e.g., [14])
dsp =0 forodd s€N and 1<p < oo, (2.12)
27°B4(0) foreven s€N and p=1,
dsp =140 forall se N and p=2, (2.13)

B, (3) foreven s€N and p=o0.
(W,

We shall need constants &,
s = 3, these constants are

,) for s = 3,4 and p = 1,2 and co. In the case

—~ 1 1
L(W3) = — ||B3|l; = —— 2.14
EWL) = 5 1Bslh = 1575 - (2.14)
E (W) = L |Bslo= — o, (2.15)
n3 124/210n3
En(W3) = = Byl = ———. (2.16)
n3 724/3 n3
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In the case s = 4, the corresponding constants are

5

Eu(T4) = 1 1Ba() — Ba(1/9)h = oo (27)
u(174) = Tju Bills = o (2.18)
En(TT) = 1 1Ba() ~ 24 Ba(O)lloo = 7 (219)

3. ASYMPTOTICALLY OPTIMAL QUADRATURE FORMULAE IN Wg

Let us start with a brief outline of our method for the construction of asymp-
totically optimal quadrature formulae in the Sobolev classes Wp?’.

The Euler—MacLaurin summation formulae in Lemma 1 in the case s = 3
reduce to
1 . ) 1
[ H@yde =QEA - s 1) = £ O] + o5 [ Bana) 1Oy ds 1)
0 0
and

[ H@yde =@M+ 5 (1) - 7O + o [ Bafne - ) 5O de. (32

The derivatives f'(0) and f’(1) appearing in the right-hand side of (3.1) and
(3.2) will be replaced by suitable formulae for numerical differentiation. For the
sake of brevity, we give the following definition.

Definition 1. Given 0 < t; < t3 < t3 < 1, we denote by Dy (t1,t2,t3)[f]
the interpolatory formula for numerical differentiation with nodes {¢;}7_;, which
approximates f’(0), i.e.

Di[f] = Di(ty, ta, t3)[f] = Zcz- f(t:) = f(0).

We shall use formulae for numerical differentiation with t3 = O(n™!). For
instance, such a formula is

[ —15f(z0,n) +16f(y1,n) — f(22,0)] -

n
Dl (xO,na Yi,n, x2,n)[f] = 6
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For the sake of simplicity, f'(1) is approximated by a numerical differentiation
formula, obtained from D (t1,t2,t3)[f] by a reflection, i.e.,

f(1) %51[](] = Dy (t1,t2,t3)[g], g(t)=—f(1-1).

The linear functionals L[f] := f'(0) — D1[f] and L[f] := f'(1) — Dy[f] vanish
on 7, and by Peano’s theorem, for f € W3 they are representable in the form

L[f] = / Ks(Lit)f"(t)dt,  L[f]= / K3(Lit) f" (t) dt
0 0

with K3(L;t) = L[(- — )3 /2] and K3(L;t) = [( —t)2/2]. This representation
also implies

Ks(L;t)=0 fort e (ts,1],

K3(L;t)=0 fortel0,1—ts).

Replacement in (3.1) of f/(0) and f(1) by D1 [f] and D1 [f], respectively, results
in a new quadrature formula @),

Q) = Qi+ 5 Zcz Flt) + £ 1) (33)

with at most n + 7 nodes (including {x »}}_,), and a Peano kernel K3(Q;t) given
by

Ks(Qit) = - By(n1)

1n2 [Ks(Lst) — K3(Lit)], te[0,1].

Analogously, replacement in (3.1) of f/(0) and f'(1) by D1[f] and D;[f], re-
spectively, yields a quadrature formula @,

QU = QX = 57— e [F(t) + £~ 1) (34)

1=

with at most n + 6 nodes (including {y,»};_;), and a Peano kernel K3(Q;t) given
by

1 = 1 1 ~
K4(Q:1) = —Bg(n:c 2) STos Ka(Lit) = Ko(Li)], te(0,1].

An important observation for quadrature formulae (3.3) and (3.4) is that their
third Peano kernels coincide in the interval ¢ € (t3,1 — t3) with n~?Bs(nt) and
n~=3Bs(nt—1/2), respectively. That is to say, except for some small neighborhoods
of the endpoints, their third Peano kernels coincide with the third Peano kernels
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of Q'f,'frl and @M in the periodic case. Consequently, for the error constants of
quadrature formulae (3.3) and (3.4} we have

esp(@) = | Ka(@; g = E(W) (1 +0(1)) as n— oo, (3.5)

which implies their asymptotical optimality in WPS‘ l<p<oo:

21 ASYMPTOTICALLY OPTIMAL QUADRATURE FORMULAE BASED ON E;J'E:f;_l

Here, we present quadrature formulae of the form (3.3) generated by some
formulae for numerical differentiation.
1. A guadrature formula generated by Dy (2o n, 1 50, T2n)[f]-
Since
I
Dy(zon, Z1nT2a)[f] = 5 { —3f(xon) +4f(x10) — f{-rz_:::l} :

the resulting quadrature formula (it is assumed that n > 6) is

r-+1

Qnirlfl =3 Akni1 Fzs-1,m) (3.6)

k=1

with

3 7
A'.H-I-l = -"qr-e.+1.n+1 o ﬂ& A‘E.u+l = -f'irr,n+1 — ﬁ ¥

(3.7)

23
'

2

1
fi'ﬁln-” == ."1;—,.-.[,.-”4 = ."i,l,-ln.” = ; R ke <. 7l

Figure. 1. The thirvd Peano kernel Ka(@ 0 8) of quadrature formmla (3.6), n = 20

The graph of the third Peano kernel of quadrature formula (3.6) for n = 20 is
shown on Figure 1. Since (3.6) is a symunetrical quadrature formula, Kq(Qu1:1)
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is an odd function with respect to t = 1/2. We proceed with evaluating the error
constant c3 ,(Qn+1), p = 0o and p = 2. By symmetry, we have

T2 n Tn—2,n
e300 (Qust) = K (Quars ) = 2 / Ks(Quanrs )] de + / K3(Quars t)] dt
0 T2,n

For t € (z2pn,Tn—2n,) we have K3(Qpny1;t) = n_ség(n t), therefore for the second
summand we have
Tn—2,n

n—4 n—4
B = —.
Bl 192 n4

e
K3(Qui1; )] dt = n—/ S(nt)] dt =

T2,n

Before evaluating the first summand, we show that K3(Qn+1;t) > 0fort € (0,22,).
Performing a change of the variable t = u/n, u € (0,2), we obtain, for t € (0,z2 ),

K3(Quyrit) = ——+ — "+ ——(t—21,)% = — +
6 ' 16n  12n n 16 12

The term in the brackets is positive for u € (0,2). Indeed, if 0 < u < 1, then

t3 3 7 9 1[_u_3 3u? 7(u—1)i]
c .

ud  3u? T(u—1)3 3u? 8u
v L. —) 0,
6 + 16 + 12 16 ( 9 >
while, if 1 < u < 2, then
b 3u? T(u—1)% u?  3Tu? Tu 7 ur  Tu 7
= (T D)
6 "6 T 1 T R TR G A G T Y
Therefore,
o Froe 7 12
2 | 1K3(Quyrst)|dt = {—— 2 2 —(t——)}t
/ Ka(@nast)] / 6 16n ST Ay
0 0
2
:E/[_u_?’_'_?ﬂﬂ 7(u—1)]d: 1 '
n4 6 16 12 18 nt
0
Hence,
n—4 1 1 20
¢.00(Qni1) = 5500+ 3500 T 10203 < * 3n>
In a similar manner we evaluate the error constant s 2(@Qp+1). We have
1 T2.n Tn—2,n
[c3,2(Qn+1)]? /KS Qni1;t)* dt = 2/[K3(Qn+1;t)]2dt+ / [K3(Qni1; 1)) dt .
0 0 932,71
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The second summand is

Tn—2,n

1 7 n—4
[ Ea@uiitar = = / —2 B3,

T2 n

and for the first one after some algebra we find

T2,n 2
2 ud 3w T(u—1)2q2
w3 (-5 ]
) /[ S Quar: 2 dt m/ Dot A
0 0
2 1 3 3 2.9 2 3 3 2 7( 1)2 2
u u u u u —
n7</[ 6+16} “+/{ 6 16 T 12 }“>
0 1
13 39 )
= 1008077 — n7 1Bsllz-

After summing the two expressions and taking square root we obtain

35\ 1 AN
c n B L+ — = oA/ |\ 1T ’
3,2(@ +1) 3 ” 3”2 ( ) 12+/210 n3 < n)

Comparison of the error constants c3 oo (Qn+1) and c32(Qn+1) of quadrature
formula (3.6) with the best possible constant (2.14) and (2.15) in the corresponding
1-periodic Sobolev classes shows the asymptotical optimality of {Q,11}52 ¢ in the
Sobolev classes W32 and W3. Certainly, this sequence is not asymptotically optimal
in W3, as is seen also on Figure 1. In fact, ||K3(Qn11;")||so is attained at the point

* __ 3
tn—m,and

9 81\/_

- ~ 4.384 £, (W

c3,1(Qnt1) = K3(Qui13ty,) =

i.e., the error constant is more than four times greater than the best possible. We
shall however construct sequences of quadrature formulae, which are asymptotically
optimal in W3, too, see quadrature formulae (3.9) and (3.13) below.

The next quadrature formulae are obtained in the same way as quadrature
formula (3.6), and the evaluation of their coefficient and error constants follows the
same lines as above. That is why we only give the results.

2. A quadrature formula generated by D1 (xo,n,Y1,n, Z1,n)[f]-

Here, Dl (xO,na yl,naxl,n)[f] =n ( - 3f(930,n) + 4f(y1,n) - f('rl,n)) ) and the
resulting quadrature formula (3.3) involves n + 3 nodes,

n—+3

Quaslf] =D Arnts f(Tenss) - (3.8)

k=1
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Table 1. The coefficients, nodes and error constants of quadrature formula (3.8).

Al i3y Apisnas

AQ,n—I—Z’)a An—l—Q,n—l—Z’)

A3,n—l—3a An+1,n+3

Ap s, 4<k<n

1

1

11

3n

1
4n n

12n

T1,n+3 3<k<n+1

Zo,n

T2,n+3
yl,n
c3,oo (Qn—f-S)

(1

Tk,n+3>
Tk—2.n

Tn—|—2,n+3
Yn,n
c3,2(@n3)

1 (1 n 7 )1/2
124/210n3 4n

Tn+3,n+3

Tn,n

1
192 n3

+2
3n

)

The coefficients, nodes and error constants of this quadrature formula are given in
Table 1.

3. A quadrature formula generated by D1(xo,n, €1,3n, 2,3n)[f]. Here,

D1 (20,1, 21,30, T2,30) [f] = 22 (= 3f(zo,n) + 4f (21,30) — f(%2,3,)), and by (3.3) we
obtain the (n 4 5)-point quadrature formula

n+5

Qn+5[f] = Z Ak,n—l—Sf(Tk,n—l—S)

k=1

(3.9)

with coefficients, nodes and error constants given in Table 2.

Table 2. The coefficients, nodes and error constants of quadrature formula (3.9).

Atnts, Anisngs | A2nis, Antangs | Az ngs, Anisnts | Akngs, 5<k<n+1
1 1 1 1
8n 2n 8n n
Tionds | 72,045 | T3n4b | Thntbs 4<k<n+2 | T3 nts | TnHd,ntd | Tntb,ntb
Z0,n T1,3n X2 3n Lk-3,n L3n—2,3n L3n—1,3n Ln,n
€3,00(@n5) c3,2(Qn+s) c3,1(Qn+s)
1 (1 22 ) 1 (1 N 8 )1/2 1
192 n3 27Tn 12v/210 n3 81n 724/3n3

Here we would like to point out that, unlike the situation with quadrature
formulae (3.6) and (3.8), here the third Peano kernel of quadrature formula (3.9)
attains its C0, 1]-norm away from the boundary intervals affected by the numerical
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differentiation formulae, and therefore we have

1

% 5) = K 2 ;.”_3 B M Ty
3.1(@n43) = [[Ka(@neni)low | Ball 79/3nd’

showing that {5} is a sequence of asymptotically optimal quadrature formulae
in the Sobolev class W}, Figure 2 depicts K3((QJns5:1) for n = 20.

UM

5 s Wi

Rt ARRRRRRL

Figure. 2. The third FPeano kernel Kai{@ 5 1) of quadrature formula (3.9), n = 20.

3.2 ASYMPTOTICALLY OPTIMAL QUADRATURE FORMULAE BASED ON Q}TH

Here, we present quadrature formulae generated by various formulae for nu-
merical differentiation through (3.4). Again, we only present in a table form the
coefficients, nodes and error constants of these quadrature formulae, skipping the
straightforward but sometimes tedious caleulations. Occasionally, we have used
WoLFRAM MATHEMATICA for the evaluation of the Li-norm of the third Peano
kernels; in such cases the corresponding error constants cg ., are given with ap-
proximate numbers.

1. A guadrature formula generated by Dy (Y1 n. Y20 Yan)[f]

This choice is motivated by the aim of not introducing nodes other than
{ven}in, We have

D][ﬁlm-?ﬂ'!.m?ﬂ'&n}[ﬂ = ”-{ 2flim) +3f U n) f{f.l"d.n.}':] '

and by (3.4) we obtain {assuming that n > 6) an n-point quadrature formula
!
Qulf] =Y Akn flunn) (3.10)
k]
with weights {Ag  } and error constants o3 oo (@), £3.2(Qy) as given in Table 3.
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Table 3. The coefficients and error constants of quadrature formula (3.10).

Al,na An,n A2,n7 An—l,n A3,n7 An—Z,n Ak,nv 3<k<n-3
13 T 25 1
12n 8n 24n n
CS,oo(Qn) C3,2(Qn)
1 ( 10.83836617) 1 ( @)1/2
192 n3 n 12+/210n3 4n

2. A quadrature formula generated by D1 (Zo,n;Y1,n> Z1,n)[f]-

We already applied this formula for numerical differentiation in the preceding
section, this time we get through (3.4) an (n + 4)-point quadrature formula

n+4

Qn+alf] = Z Apnta f(Tent1) (3.11)

k=1
with coefficients, nodes and error constants given in Table 4.

Table 4. The coefficients, nodes and error constants of quadrature formula (3.11).

At s Anaia | A2nias Anisna | Asind, Aniend | Akongd, 4<k<n+1

1 5 1

1
8n 6n 24n n

T1,nt4 T2, nt4 T3, nt4 Tkntd; 4<k<n+1 Trnd2,nt4 Tnd3,n+4 Tnd3,n+4

Zo,n Yi,n T1,n Yre—2,n Tn—1,n Yn—1,n Tn,n
C3,oo(Qn+4) Cs,z(Qn+4)
1 ( 175) 1 <1+ 25 )1/2
192 n3 384n 124/210 n3 16 n

3. A quadrature formula generated by D1(Zo,n;Y1,n>Y2,n)[f]-

In this case, D1 (@o.n, Y1,n,Y2,0)[f] = % (= 8f(xon) +9f(W1,n) — f(y2,n)) , and
by (3.4) we obtain an (n 4 2)-point quadrature formula

n+2

Qnt2lf] = Z Apnro f(Thnt2) (3.12)

k=1

with coefficients, nodes and error constants given in Table 5.
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Table 5. The coeflicients, nodes and error constants of quadrature formula (3.12).

Al,n+2, An+2,n+2 Az,n+2, An+1,n+2 A3,n—l—27 An,n+2 Ak,n—i—Qa 4 <k<n-1
1 i 3 1
In 8n 2n n
T1,n42 Tknt2, 2<k<n+1 Trnd2,n42
Zo,n Yk—1,n Tn,n
€3,00(Qn+2) 3,2(Qny2)
1 <1 0.06659022) 1 <1 + 19 )1/2
192 n3 n 124/210n3 4n

4. A quadrature formula generated by D1 (xo,n;Z1,6nsZ1,3n)[f]-

We showed that (3.10), (3.11) and (3.12) generate sequences of asymptotically
optimal quadrature formulae in the Sobolev classes W3 and W3, however, the
asymptotical optimality does not hold in W3. With Dy (o, 1,60, T1.30)[f] We

obtain through (3.4) an (n + 6)-point quadrature formula

which generates a sequence of asymptotically optimal quadrature formulae in all
Sobolev classes Wg’, 1 < p < 0. The coefficients, nodes and error constants of

n—+6

Qn+6[f] - Z Ak,n+6 f(Tk,n—l—G) )

k=1

(3.13) are given in Table 6.

(3.13)

Table 6. The coefficients, nodes and error constants of quadrature formula (3.13).

Atnt6, Antents | A2, Antsnie | Asnte, Antants | Arngs, 4 <k <n+3
3 1 1 1
8n 2n 8&n n
Tind6 | 72,046 | 73046 | Thnt6s 4<k<n+3 | Tndnt6 | Tndb,nt6 | Tnt6,nt6
ZL0o,n Z1,6n X1,3n Y-3,n L3n—2,3n L6n—1,6n Tn,n
€3,00(@nt6) ¢3,2(Qn+6) c3,1(@n+6)
1 (1 4 ) 1 (1 n 841 )1/2 1
192 n3 27n 124/210n3 1296 n 72v/3 n3

160
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3.3. COMPARISON OF THE ERROR CONSTANTS

It is clear that quadrature formulae obtained in Sections 3.1 and 3.2 are of
nearly the same quality as being asymptotically optimal in the Sobolev classes
W;’ , 1 < p < oo. Nevertheless, it makes sense to compare their error constants
in W2 and in W3 under the assumption that they involve the same number of
nodes n, n > 7. Interestingly, we have a clear winner in both W2 and W3, namely,
quadrature formula (3.12). The ranking of quadrature formulae (3.6), (3.8), (3.9),
(3.10), (3.11), (3.12) and (3.13) according to the magnitude of their error constants
3,00(@Qn) and c32(Qy,) is given in Table 7 (the smaller error constant, the higher
ranking).

Table 7. The ranking of quadrature formulae according to their error constants.

quadrature formula (3.6) | (3.8) | (3.9) | (3.10) | (3.11) | (3.12) | (3.13)

position according to
the size of ¢3,00(@n)
position according to
the size of c3.2(Qn)

The ranking is made assuming that n is big enough, e.g., n > 59. For small n,
some small changes occur: in the ranking with respect to ¢3 o (@Qr ), (3.10) overtakes
(3.8) (if » < 58) and even (3.6) (if 7 < n < 30) whilst in the ranking with respect
to ¢32(Qn), (3.6) overtakes (3.13) if 7 <n <9.

4. ASYMPTOTICALLY OPTIMAL QUADRATURE FORMULAE IN W

In [2] the idea described in the beginning of the preceding section was exploited
for the construction of asymptotically optimal quadrature formulae in the Sobolev
classes Wfo and W4. To this, we add here two sequences of quadrature formulae,
which are asymptotically optimal in the Sobolev class Wi

The difference with the Sobolev classes Wg is that, in the cases of W; there is

a shift d4 , (depending on p) of the 1-periodic Bernoulli monospline §4 so that the
shifted Bernoulli monospline has minimal L,-deviation from zero (1/p+1/¢ = 1),

see (2.13). In particular,

1
dy1=—B 4.1
4,1 16 4(0)7 ( )

and
1

inf||By —d||lc = ||Bs—2"*B - = —.
in | Bs — d|| | Ba 4(0)]| 768

(4.2)
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The Euler-MacLauren formulae (2.7) and (2.8) in the case s = 4 reduce to

[ H@)de QI = 555 [ = O]+ 25— [77(0) - £7(0)]
0
1
1 _
+— B4(nx)f(4)(:c) dr ,
“
/ M 1 / / 7 " "
[ @ de =QU + 5 [0 = FO)] = oo [£7(1) - 170)]
0
+op [ Bulna = 1/2) 1@ do
0
and we rewrite these formulae in the form
[ H@)de QI = 55 [ = FO)+ 2o [7(0) - £7(0)]
0 X (4.3)
+ % / Bu(nz) — 274By(0)] f@(z) du
0
[ H@yde =QA 4 5 [70) = FO)] = e [ - £7(0)]
0 (4.4)

n

t L [ Bl —172) 2By 50

Definition 2. Given 0 < t; < ty < t3 < t4 < 1, we denote by D;(t1,t2,t3)[f]
and Ds(t1,t2,t3)[f] the interpolatory formulae for numerical differentiation with
nodes {t;}?_,, which approximate f’(0) and f”'(0), respectively, i.e.

4
DAlf] = D (bt t2)[f] = 3 n £(12) = £1(0),
i=1
4
Dslf] == Ds(t1,t2, 13, ta)[f] = Zci,?) f(t:) =~ f(0).
i=1

We approximate derivatives f'(0) and f”/(0) appearing in (4.3)—(4.4) by D1]f]
and Ds|[f], respectively. The derivatives f’(1) and f’(1) are approximated by
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the formulae for numerical differentiation 151[ f] and Ds [f], respectively, which are
obtained from D;[f] and Ds[f] by a reflection, i.e.,

Di[f] = Dilgl, Dslf] = Dslg], g(x):=—f(1—a).

We observe that hnear functionals Ly [f] := f/(0) — Dy[f], L3[f] := f"(0) —
Ds[f], L1[f] := f'(0) — Dy[f] and Ls[f] := f"”(0) — Ds[f] vanish on s, therefore,

by Peano’s theorem, for f € W they possess integral representations of the form
1
= /K4(L;a:)f(4) (v)dz, with Ky(L;t)=L[(- —t)3/3!].
0

Replacement of derivatives in (4.3) by the formulae for numerical differentiation
yields a new quadrature formula @,

1

/ f(x) dz = QLf) + / K4(Q:2) f@ () da

0

where

Q[f]: n—l—l 12 22621 +f(1_t):|

768n4223 )+ =),

and

1 ~
K4 ngl' —K4 Ll;l‘

1 ~
768n4 [K4(L3, ) K4(L3;Q?)}.

Ki(Q:x) = [Balna) — 27 By(0)]

Analogously, replacement of derivatives in (4.4) by the formulae for numerical
differentiation yields a new quadrature formula @),

QU = QU - gz Dl fte) + 701~ 1)
' (4.7)

768 42 z3 +f1_t)}

and

1 ~
K4 Ll;:c —K4 Ll;.CC
S1 [Ka(Lyia) h L
[K4(L3, ) K4(L3;27)] .

Ka(Q:7) = % [Bu(nz—1/2) — 27 B,(0)]
1
768 768 nt
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Here, as in the preceding section, it is assumed that t4 = O(n™!), and as a
result, for x € [ts4, 1 —14] the fourth Peano kernels of quadrature formulae (4.5) and
(4.7) coincide with n™* [By(nz) —27*B4(0)] and n™* [Bs(nz — 1/2) — 27*B4(0)],
respectively. Hence, for @) being either (4.5) or (4.7) we have

1
768 nt
Both (4.5) and (4.7) are symmetric quadrature formulae with at most n + 9 nodes.
In view of (2.19), (4.9) and the obvious inequality

1 _
| K4(Q: M cptai—ta = i |1Bs — 27" B4(0) o0 = (4.9)

1

E (WH > E,(WH) = Tl

a sufficient condition for either of (4.5) and (4.7) to generate a sequence of asymp-
totically optimal quadrature formulae in W7 is

1
K4(Q;- S Te’nt
H 4(@7 )HC[O,M] = 768 nd

Indeed, in such a case (4.10) and (4.9) imply

(4.10)

1
768 n*

and since () has at most n + 9 nodes, then for @),,, the n-point quadrature formula
of the same kind, with n > 9, we have

c11(Q) = [ Ka(Q; oo =

1

Q) < ——— .
¢11(Qn) = 768 (n — 9)4
Consequently,
cs1(Qn) SO 0]
1< 1 4,1\Wn < 1 768 (n—9) li 768 (n—9) 1,

whence the asymptotical optimality holds.

4.1. ASYMPTOTICALLY OPTIMAL QUADRATURE FORMULAE BASED ON 7:{:11

We make use of the following formulae for numerical differentiation:
n
Dl (l‘o,n, L1,3nyL2,3n, xl,n)[f] = 5 [_11f(x0,n)+18f(x1,3n)_9f(x2,3n)+2f(xl,n)}

D3(20.ns T1 30, T2,3n, T1.0)[f] = 270° [—f(xo,n)+3f($1,3n)—3f(932,3n)+f($1,n)}-
The resulting quadrature formula (4.5) involves n + 5 nodes,

n—+5

Qnis = Z Aknts [(Thnys) - (4.11)

k=1
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Tuble 8, The weights and the nodes of quadrature formula (4.11).

Apnis Anis s | Aznis: Ani ot | Az i Anisnis | Adniss Anzns | Ak nis: 3Skgn+1
50 165 53] 205 1
TGS n IN6n 256 THEn n
_ Tints | 246 | Tanth | Thnthy ASkEn42 | Tuidnts | Tnddintb | Totbnts
Ly L3 L2 3 Lh—3.n E3n—23n | Tin—14%n L m

The weights and the nodes of ¢, 15 are given in Table 8.

We shall show that the fourth Peano kernel of @@ = ()5 satisfies condition
(4.10) with [0,14] = [0,21,,.]. The latter Peano kernel is given by

I{J{Qﬂ+ﬁ: €)= 21 6

14 1[59 ,3, 165 (z 1):* 69( 2

i
768n " ' 256n \" an/+ 256m )+] r € [0, 21.0].

3n

We perform change of the variable © = u/n, with v € [0, 1], to obtain

. 1 58 o 165 6 , 1
Ky(Quysix) = A [Hd ~ {93 u’ — 7 (u—1/3)% + 51 (u —E,f.iﬁ,] = W.‘;{“}-
_-:!"-/—ulc\ i o

=@l

Qa2

-l

Figure. 3. The graph of g{u). u € [0, 1].

A straightforward analysis shows that g attains its uniform norm in [0, 1] at
t = 1 (this is seen also from the graph of g, depicted on Figure 3). Hence,

| Ka(Qniss )l oo ,ei ) = [Kal@nan: Tra)| -

Since

; 1 = i3
Ku(Quisiz) = — [Ba(na) —279B4(0)]. @€ [r10:1 — 2y 0],
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we have

1.~

HBM(Qn+5r)mno@Ln]:|BQ(Qn+5uILnH==;;LB4O%wLn)—-2‘4BMDM
1—2-4 1
T [B4(0)] = 768 nt

Thus, condition (4.10) is verified, and the asymptotical optimality in Wi of the
sequence of quadrature formulae {Q,+5} given by (4.11) is proved.

4.2. ASYMPTOTICALLY OPTIMAL QUADRATURE FORMULAE BASED ON Qﬁ/h

Here we apply formulae for numerical differentiation with nodes xg ,, ¥1,3n,
Z1,3n and yp p, namely

D1 (xo,n, Y130, 1,30, Lin)[f] =1 [_11f(x0,n)+18f(y1,3n)_9f<x1,3n)+2f(y1,n)}
D3(20,n, Y1,3n: T1,30, Y1.0) [[] = 2160° [ — f(20,,) +3F (y1,30) —3f (21,30) + f (Y1,0)]-

By (4.7) we obtain a quadrature formula with n 4+ 6 nodes,

n+6

Qnie = Z Aknt6 [(Thnte) - (4.12)

k=1
The weights and the nodes of (),,+¢ are given in Table 9.

Table 9. The weights and the nodes of quadrature formula (4.12).

Al nt6y Ante,nte | A2 ni6, Antsnts | Az nt6, Antants | Aantey Anis nte | Aknie, 5<k<n+2

17 3 15 115

1
96n 32n " 32n 96 n n

Tln+6 | T2,n+6 | T3,n4+6 | Tkn+6; 4<k<n+3 | Th4d,n+6 | Tn+5,n+6 | Tn+6,n+6
Z0,n Y1,3n X1,3n Yre—3,n Z3n—1,3n Y3n,3n Tn,n

We proceed with showing that the sequence of quadrature formulae {Q,,+6}nen
defined in (4.12) is asymptotically optimal in W;'. To this end, we need to show
that the fourth Peano kernel of @ = @, ¢ satisfies condition (3.10), with [0, t4]
replaced by [0, y1.,]. We have

at 1717 3 1y3 15 13
e =51 AT () o)) <o
(Quroi®) = 55 l96n ™ T 320 \" " Gn)y 320 T 35) 0 T € 0wl
or, after change of the variable, z = u/n with u € [0,1/2],

1
24 n4

Ky(Qnis;x) = Ut - —u ——(u—l/6)i+§(u—1/3)i] =: h(u).
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Figure. 4. The graph of hiu), w e [0,1/2].

By a straijghtforward analysis we see that h i3 monotone decreasing in the
interval [0,1/2] (see Figure 4 with the graph of h), and therefore h attains its
uniform norm in [0,1/2] at u = 1/2. Consequently,

ﬁ*.t(Qn+ﬁ'~'}'||c[u_yl,,.] = | Ka(Qnt6:¥1.0)]-
Since
; 1 (=
Ki(Qnigix) = = [Balnz —1/2) —279B4(0)], z € [yl —1,a]
we obtain

! g 1 s :
N4 ( @y )l = [ Ks{Qnisithn )} = ”—4|B4{ﬁm.n —1/2) — 271 B,4(0)|

] —2-4 1
T |R1|:LI}| T TRAnt’
The proot that {(, 6}nen 18 8 sequence of asvmptotically optimal quadrature
formulae in W is accomplished.
As was seen, the fourth Peano kernels of {4.11) and {4.12) have the same [ ..-
norm, namely, Wlw"‘- however, quadrature formula (4.11) can be viewed as slightly
better as it involves one node less than (4.12),

5. CONCLUSBIONS

We have constructed certain sequences of quadrature formulae, which are
asvmptoticallv optimal in the Soboley classes Wﬂ, 1 < p < oo and in W, Their
weights and nodes are explicitly given, and their sharp error constants for p = 1,2
and oo and are evaluated.

For the sake of simplicity, we have considered only symmetric quadrature for-
mulae, however, sequences of non-svmmetric asvmptotically optimal quadrature
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formulae can be generated as well by making use of different formulae for numerical
differentiation for approximation of the derivatives at the end points of integration
interval.

The same approach can be applied for the construction of sequences of asymp-

totically optimal quadrature formulae in the Sobolev classes W;, r > 4, though the
calculation of their sharp error constants ¢, p, even for p = 1,2, 0o, becomes rather
elaborate.
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