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1. INTRODUCTION

Let C be the complex plane and
G={z=z+1y|z € (-00,00), y € (0,00} CC

be the upper half plane of C. Throughout, v : G — (0, 00) will be a function such
that v(z) = v(x + iy) = v(iy) for every z = z + iy € G, and

il[af ]v(iy) >0 for every ¢ > 1. (1.1)
ye[L,c

We define
ou(y) = —Inv(iy), y € (0,00),
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and property (1.1) is reformulated as the following property of ¢, (y):

sup ¢, (y) < oo for every ¢ > 1. (1.1
€[]

The weighted Banach spaces of holomorphic functions H,(G) and H,,(G) are
defined as follows

e f € H,(G) if f is holomorphic on G and

| f llo=supv(z)|f(2)] < o0;
zelG

e f e H,(G)if f e Hy,(G) and f is such that for every £ > 0 there exists a
compact K. C G for which

sup ()| ()] < e
z€G\K,

Here, we use notations from [1, 2, 3, 4, 5].

In [1], [2] the authors find an isomorphic classification of the spaces H,(G) and
H,,(G) provided the weight function v satisfies some growth conditions.

In [3], [4] weighted composition operators between weighted spaces of holomor-
phic functions on the unit disk in the complex plane are studied and the associated
weights are used in order to estimate the norm of the weighted composition oper-
ators.

The associated weights are studied in [5].

This paper is about weights that have some of the properties of the associated
weights. We prove that H,(G) and H,,(G) are exactly the same spaces as H,,(G)
and H,,(G), where w is the smallest log-concave majorant of v. Here, the smallest
log-concave majorant of v is exactly the associated weight, but in case of other
weighted spaces this coincidence might not take place. Our work is based on the
theory of convex functions and some specific properties of the weighted banach
spaces of holomorphic functions under consideration.

The results of this paper are communicated at the conferences [7] and [8].

2. DEFINITIONS AND NOTATIONS

Let ® be the set of functions ¢ satisfying the following conditions:
e ©:(0,00) - R and
e there exists a € R such that

mei(r()lfm) (¢(z) — az) > —o0.
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Note that if ¢ € ®, then —oco < p(x) < oo for every x € (0, 00).
We denote by @, the limit inferior

a, = liminf M, p e .

T—r 00 €T

If p € ®, then
e u, € RU{oo}, Gy, > —00;

e G, =sup{alacR, inf (p(z)—az)>—o0}

z€(0,00)

If p € ® is convex in (0, 00), then

d, = lim —“‘)S’")

By &1, &5, ®3 we denote the following subsets of ®:

b ={p: pe® Gy, =00};
®y = {90 Do e ®, a, < oo, liminf(p(x) —a,x) = —oo};

T—r 00

D3 ={p : p€®P, a, < oo, liminf(p(z) — dpz) > —00}.

T— 00

Note that &1, &5, P53 are mutually disjoint sets and &, U &5 U &3 = .
If p € &y U P3 is convex on (0,00), then

liminf(p(z) —apr) = lim (p(z) - ayz).

Note that a function ¢ € ® is not necessarily continuous. In fact, ¢ € ® is not
supposed to satisfy any conditions beside those of the definition of ®, &, ®,, P3.
There are a number of simple functions that belong to ®, &, ®5, ®3, for instance,

2 belongs to ®; ;

° pi(z) ==z
e po(x) =x —+/x belongs to ¥y ;
e p3(z) =x~! belongs to P,

and ¢1(z), p2(z), @3(x) are all convex on (0, c0).
For a p € ® let

M, = {(a,b)| a, b€ R, i((r)1f)(go(t)—at)>b}.
te (0,00

The function ¢** : (0,00) — R is defined as

e (x) = sup (ax+0D).
(a,b)eM,

©** is referred to as the second Young-Fenhel conjugate of ¢ and it is the largest

convex minorant of (.
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3. MAIN RESULTS

Here we state our main results.

Theorem 3.1. Let ¢, 1p € . If ¢ is convezr on (0,00), then
inf : (p(2) —¥(x)) = inf (p™(z) —9(2)).

z€ (0,00 z€(0,00)

Theorem 3.2. Let ¢, ¢ € ®. If 1 is conver on (0,00) and, in addition,
lim+ (¢o(x) — ¥(x)) = oo, then
z—0

lim (¢**(z) — ¢(z)) = .

z—0T

Theorem 3.3. Let ¢ € ® and ¢ € &\ $3. If ¢ is convex on (0,00) and, in
addition, lim (¢(z) — ¢ (z)) = oo, then

T— 00

lim (¢**(z) — ¢(z)) = 00.

Tr—r 00

The next examples show that the assumption for convexity of ¢ in Theorems
3.1-3.3 cannot be omitted.
Example 3.1. Theorem 3.1 does not hold with the functions

x
x+1’

e(x) =min{z, 1} +1, P(z)= z € (0,00) .

Note that ¢ € ®, and p € ® is not conver on (0,00). We have p**(x) = 1,
z € (0,00), and

1= inf (p(x) =) # nf (" (z)-vp(x)=0.

376(0,00) a:G(O,oo)
Example 3.2. Theorem 3.2 does not hold with
1 1 1 2 2
= —+ —sin—+ — = — — e (0 .
pla) = 5+ sin 42, () = p(a) — 2, we (0,00)

Note that ¢, ¥ € ®, the function 1 is not convex on (0,00) and

0o = lim (p() = (@) > liminf (6" (2) - ()

z—0+

This fact is proved in Proposition /.1.
Example 3.3. Theorem 3.3 does not hold with
o) =2® + xsinx 4+ 2z, Y(z) = p(z) — 22, 2z € (0,00).
Note that o € ®, ¢ € &\ P35, ¥ is not conver on (0,00) and

0o = Tim (p(x) — () > lminf (9™ () — ¥(x))

Tr—r 00

This fact is proved in Proposition 4.2.
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Corollary 3.1. If ¢, ¥ € ® are such that

lim (p(x) — () = oo,

z—0+

then
lim (o™ (z) —¢*™*(z)) = oo. (3.1)

z—0t

Proof. Since ** < 1), we have

lim (p(z) = 9" (2)) = lim (p(z) — () = oo.

z—0+

Now Theorem 3.2 applied to ¢, ¥** proves (3.1). O

Corollary 3.2. Let o € ® and ¢ € &\ ®3. If ¢ and ) satisfy

lim (io(x) —1¥(x)) = oo,

T—r 00

then
Tim (" (2) = " (1)) = ox. (32)
Proof. Note that
o ** € &\ &3 by the Lemma 4.1;
.« <y
Theorem 3.3 applied to ¢, ¥** implies (3.2). O

Example 3.4. Let o(x) = 2? + x and

3r —1, z € (0,1]
Y(x) = ¢ 5— 3z, x € (1,2]
> +x -7 x€(2,00).

We observe that ¢, ¢ € ® and

e © is convex on (0,00), and therefore p** = ¢,

e 1 is not convex on (0,00) and

A direct calculation shows that

inf (gp(x) — ¢(x)) =0#1= inf (4,0**(30) — ¢**(I))

z€(0,00) z€(0,00)
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Thus, there is no analog of Theorem 3.1 involving ¢** and ¢ as in Corollar-
ies 3.1 and 3.2. O

4. AUXILIARY RESULTS

Proposition 4.1. Let

1 1.1 2 2
¢(x)_ﬁ+581n5+5 and 1[1(3:)—g0($)—5, x € (0, 00).

Then ¢, ¥ € ®, the function 1 is not convezr on (0,00) and

oo = lim (¢(x) — ¥ (x)) > liminf (o™ (z) — ¢(z)) .

z—0+ z—0T

Proof. The function v satisfies

hence, 1(z) > 0 for every = € (0,00), and this implies that ¢ € ®.
Since ¢ > 1), we have also p € ® .
Note that

2
li - = lim -~ = .
g () —v @) = Jig, 5 =
Let 1 ]
xk:%—, %k:5ﬂ'—7 k:0,1,2,....
o+ 2km o+ 2km

We observe that xp > T > xr11 > 0, klim xrr, = 0, and the harmonic mean of xy,
— 00

Try1 1S equal to . A direct computation shows that ¢ (zg) < 0, therefore 1 is
not convex on (0, co).

Let ) )
= — + - c (0 :
fle)= 542, e (0,00
The function f is convex on (0,00) and f(x) < ¢(z), x € (0,00). So, f is a convex
minorant of ¢ and thus f < ¢**.

Therefore, f(zr) < ¢**(xr) < @(zr) = f(zk) and this implies that

flag) = (x), k=1,2,3,....
Furthermore,

Tp — 5]@ gk — Tk+1
O (Tpg1) + ——— 0™ (),

(k) = f(Tr) < @™ (Tk) < P—— PR
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because of the convexity of ¢**. Thus,
~ ~ T — %k fk — Tl+1 ~
0 < @™ (F) — (@) < ————f(ar41) + ————f(ar) — f(@) -
Tk — Tk+1 Tk — Tk+1
After some simple calculations we obtain
Tk — 5k

Tp — Tht1 £

f(@rs1) + vx) — [(Tk) = 3+ Tp)m? .

Tp — Th41 Tk — Tk41
Consequently, 0 < o**(Z1) — (7)) < 3+ Zp)7m?, k=1,2,3,..., and

lim inf (™ (z) — ¥(z)) < oo. O

z—0+t
Proposition 4.2. Let
o) =2® +xsinz 4+ 2z and P(x) = o(x) — 2z, x € (0,00).

Then ¢ € ®, ¢ € &\ @3, the function 1 is not convexr on (0,00) and

0o = lim (ip() — b(x)) > liminf (¢ (x) — $(x))

T—r 00

Proof. The function 1 satisfies the inequalities

o) > x=, x € (0,7),

¢ —x, x€[r,0),

therefore ¢ (z) > 0, z € (0,00), and thus ¢ € &. Moreover,

.%'2—.7)

a, = liminf > lim inf
T—00 x xr— 00 X

=0,

therefore @y, = oo and thus ¢ € ®; C @\ P3.
Now ¢ € ® since p > 1) and ¢ € . Moreover,

lim (p(z) — ¢(z)) = lim 2z = oco.

T—00 T—00
Let 3 .
xkzg—i—Qkﬂ, %’k:§+2k7r, k=0,1,2,...
Note that, for k € N, 0 < x < Tf < Tg41, T + Tpr1 = 22k and klim Ty = 00.
— 00

A direct computation shows that ¢" (zy) < 0, hence 1) is not convex on (0, 00).
Let
f(x) =2 +2, 2z¢€(0,00).
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The function f is convex on (0,00) and f < ¢ therein. So, f is a convex minorant
of ¢ and thus f < ¢**. Therefore, f(zx) < ¢**(xx) < @(xx) = f(zr), and this
implies

flxg) =™ (xr), keN.

Furthermore, by the convexity of ¢**, we have

Thtl — Th s Ty — Tk

) = f(7r) <™ (7)) < ———— 0" (2p,) + ————— 0™ (wp+1) .
V(Tk) = f(Tr) < ™ (Tk) P—— (k) P—— (Tr41)
Thus,
/e - x -z Tp — X ~
0 < @ (Fr) — (@) < 1 F flag) + —E o) — F(@)
Tyl — Tk Tk+1 — Tk

After some simple calculations we obtain

Thy1 — T Tk — N
el k f(mk)+uf($k+1)—f($k)=7r2, keN.
Tk+1 — Tk Tr+1 — Tk

Consequently, 0 < **(7y) — (7)) < 7%, k € N, and

lim inf (¢** (z) — ¥(x)) < oc. O

Tr—r 00

Lemma 4.1. If ¢ € @, then

(1) liminf p(x) = lim ¢**(z);

z—0t z—0t
@) timinf 28 = i 70
T—00 xT xr—r00 x

Proof. Let ¢ € ®. Then
lim inf > liminf ¢**(z) = lim ©**
iminf p(z) 2 liminf ™ () = lim ¢™(z),

z—0t+
lim inf (_:c) > lim inf SD—(SC) = lim P () )
T—>00 T T—00 T T—00 T

Let ag, by € R be such that apx + by < ¢(x), z € (0,00). Then

liminf p(x) > by > —o0, (4.1)
z—07t
lim inf plz) > ag > —00. (4.2)

T—00 T

Let b be such that liminf p(z) > b > —oco. We choose § > 0 so that

z—0+

inf b.
0<2<s o) >
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Then

inf —90(33) il

Zmin{ inf M, inf M}
>0 X

0<x<d €T o<z T

bo_b)}>—oo.

x
Set a = min{O, ggf (ao—l—bow_b) }, then (a,b) € M, and consequently ¢**(z) > az+bD,
z € (0,00). Thus,

> min{O, inf (ao +
o<z

1‘ *k > b
S @) 2

and, by our choice of b,

lim ¢**(z) > liminf p(z).

z—0+ z—0+

Hence, assertion (1) of Lemma 4.1 is proved.
Let a be such that lim inf @ > a > —00. We choose A > 0 such that

T— 00

e )
z>A €T

> Q.
Then

inf (p(w) ~ az) > min{_ inf (¢(e) - a2), inf (p(a) - ax)}

> : B B
> mln{0<1§61£A (apx + by — azx), 0} > —oc0
Let 8 = min{0 in£A (agr + by — ax), O}. Then (o, 3) € M, and consequently,
<x<
©**(z) > ax + B for every x € (0,00). Therefore,

lim P ()

T—00 T

>

and, by our choice of «,

lim v\ (x) > lim inf _gp(a:)

T—00 x T x—ooo X
Thus, assertion (2) of Lemma 4.1 is proved. O
Lemma 4.2. p € &, <— " € ®;, 1 =1, 2, 3.

Proof. The assertion ¢ € &1 <= ¢©** € ®; is proved as (1) of Lemma 4.1.
The proof of Lemma 4.2 will be completed once we prove that

p € by = " € P3.
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Let p € &5 U ®3 and

a, = liminf M = lim L4 (:c)
xr—00 x r—»00 xr

If p** € @3, then ¢ > ** implies p € Pg.
Now let us suppose that ¢ € ®3. Let ag, bg € R be such that agz + by < @(x)
for every = € (0,00). Let b € R be such that liminf (p(z) — @,z) > b > —oc.
Tr—r o0

Let A > 0 satisfy

;I>1fA (¢(z) — ayz) > b.

Then,

inf (p(z) ~dpz) 2 min{ Inf (p(e) —dpz), f (p(e) —dpz)}

> min{0<i§:1£A (apx + by — Gpx), b} > —0.

Let b = min{0 in£A (apx+bg —a@,x), b}. Then (/d(p,/b\) € M, and consequently
<zx<

©**(z) > a,x +b for every z € (0,00). Thus,

lim inf (p**(z) — @px) > b> —o0,

T— 00

and ¢** € ®g. O

Lemma 4.3. Let ¢ € ®. If a is such that a < a,, then

;I>lf(; (o(z) — az) > —0
and
xlglolo (¢(z) — az) = .
Proof. Let ag, by € R be such that (ap,by) € M, let a and a; satisfy the
inequalities —0co < a < a1 < @y, and A > 0 be such that
p(z)

inf ——= > a;.
z>A I

So, ¢(z) — ax > (a1 — a)z for > A and lim (¢(x) — azx) = co. Therefore,

Tr—r o0
i ote) =) = min{ | (50) ) o))
S i . B o B .
> mln{oéiléA (aox + bg a:p), ;ng (aq a)a:} > —00
Lemma 4.3 is proved. O

234 Ann. Sofia Univ., Fac. Math and Inf., 102, 2015, 225-245.



Lemma 4.4. Let ¢ : (0,00) = R be convezr on (0,00) and
bla) =) =’ (@7)z, 2 €(0,00),
where Y’ (x7) = lim w(t)—w If 0 < 1 < w9, then

t—x—

~

P(@1) > ().
Proof. Let z3 = ‘”1“’2 . Note that
o 2¢Y(z3) < Y(z1) + P(2),

o f(u,v) = w is a monotone non-decreasing function of each variable
u, v >0, u # v, and

oo tim POV ooy ot = i L0

<oo, x>0.
t—x— - v—zt vV—
Now, th(z2) < ¥(z;) follows from the inequalities
Y(w2) = (x2) — V' (w5) w3 < (2) — w(x;) :w(mg) T
2 — T3
2 2
= (Wlas) = v(a2) Z — ) = Ulaa) = — )
< (V@) + (@) 2 — las) 2
B To + T1
= ) I () + )
To + X1 211 B 211
< 0le) I ) 2 o) = (o) — 0ln)
= (en) - LI o ) - ) < 0) 8 )
= ¢ (21).

Lemma 4.5. Let ) € &5 U P3. If ¢ is convex on (0,00) and

lim (¢(z) —¢'(z7)z) > —oo,

Tr—r 00

then 1 € ®3.

Proof. Note that the limit value exists due to Lemma 4.4.
Let a € R satisfy

lim (¢(z) —¢'(z7)z) > a > —o0.

T—r 00
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Let A > 0 be such that inf (¢(z) —¢'(z7)z) > a. Then,

z>A
w(x)—Wx>a, A<t<zx

and therefore

> , A<t<zx
t T
Consequently,
Mzhm Mx)_a_]i ¢(33):a¢’ r>A
T T—00 T r—00 I

Thus, ¢(x) — aypx > o for £ > A, and
. P S _
xlggo (¢(z) —ayz) > a > —o0,
ie. Y € O3. ]

As a direct consequence from Lemma 4.5 we obtain

Corollary 4.3. Let ¢ € ®5. If ¢ is convex on (0,00), then

xli)rgo(w(a:) — ' (z7)z) = —o0.

5. PROOFS OF THE MAIN RESULTS

Proof of Theorem 3.1. Let ¢ € ®, 1» € & and ¥ be convex on (0,00). Since
w > p**, we have

inf () —¢(x)) > inf (9™ (x) —y(z)). (5.1)

z€(0,00) z€(0,00)

We consider separately two cases:
Case 1. inf (p(z) — ¥ (x)) = —co. We have

€(0,00)
mei(%,fOO) (QO(:L’) - ¢($>) - gcei(%,fOO) (90**(‘%) o ¢(x)) - o

Case 2. c:= inf (p(x)—1(x)) > —oc. In this case,

pr) = P(x)+¢, e (0,00)

and 1 + ¢ is a convex minorant of ¢. Therefore, **(x) > ¥ (x) + ¢, =z € (0,00),
ie. ir;%(gp**(a:) —(x)) > c and

inf (0" (2) - d(2) > _inf  (ip(a) — ().

x>0 x€(0,00)
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It follows from here and inequality (5.1) that
inf (p(z) —¢(x)) = inf (™(x)— (). O

2€(0,00) x€(0,00)
Proof of Theorem 3.2. Recall that ¢, ¥ € ®, 1 is convex on (0, c0) and
lim (¢(z) —¢(z)) = .

z—0+

Note that lim Y(x) =:9(07) € RU{oo} and ¥ (0") > —oo, because ¢ € ®
z—0
and 1) is convex on (0, 00). Therefore, ¢(0") = co and from Lemma 4.1 we obtain
that ¢**(07) = oo.
If 4(0%) < oo, then
lim (¢™(2) =y (2)) = ¢™(07) = $(07) = cc.

x—07t
In order to complete the proof, we have to examine the alternative when 1) satisfies
¥ (0") = oo. We shall define a new function v that is a convex minorant of .

Let ag, by € R be such that (ag,by) € M, and ¢ € R. We choose A; > 0 such
that

inf (p(z) —¥(x)) >c.

O<z<A1
Next, we choose Ay such that Ay > As > 0 and

O<iwn<fA2 (7,[}(33') +c— (aol' + bo)) > 0.

Now, we choose Az, Ay > Az > 0, so that 1(z) is monotone non-increasing on
(0,As). For z € (0, Az) we have the following inequalities for the convex function

(F

As) — As) — -
0> d 323 viz) > i Agz _f(x) > htriilip —dj(ti — ;p(a:) =9 (z")
and from ¢ (0") = oo it follows that
lim ¢/(z7) = —oo.

z—0*

Further, we choose Ay, Az > A4 > 0, such that

sup ' (z7) < ao.
0<z<Ay

If z € (0,Ay), then
limsup (¢ (1) (A1 — z) + ¥(z) + ¢)

z—0T

= limsup(d;’(a:Jr)(Al/Q —x)+YP(x)+c+ 1//(56+)A1/2)

z—0+

<limsup(¢(A1/2) + c+ ' (21)A1/2) = —0.

z—0+
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Finally, we choose Aj so that Ay > A5 > 0 and

sup (¢ (z7) (A1 — 2) + ¥(x) + ¢) < agAy + by
0<z<As

Let z1 € (0,As). We set

a =W @l), b= ¢ (@) + b)) e

hence,
V' (z)(x — 21) +¥(x)) +ec=arx + by, x€(0,00).

From

a1y + by = Y(x1) + ¢ > apx1 + bo,
a1 A1 + b1 < aplAi + b

we conclude that there exists xo € [z1, A1] such that a;ze + by = apxa + bo.

We define a function 12 as follows:

N ¥(z) + ¢, x € (0,21)
’Qb(il') =< a1x + by, WS [Il,l‘g]
apx + by, x € (xg,00).

The function ¥ is convex on (0, 00) because it is continuous, 1’ (1) < a1 <ap
and 1 + ¢ is convex on (0, z1).

Furthermore,

Y(@) = (@) +c<p(z), ze€(0,21),
IZ(ZC) =ax+b <Y(x)+e< ), =€, 20,
@E(l“) =apx + by < p(x), x€ (r,0).

Hence, ¢ is a convex minorant of ¢, and ¢**(z) > ¢ (z), z € (0, 00).
Thus ¢**(z) > ¥ (z) + ¢, = € (0,21), and

lim inf(gp**(a:) — w(x)) > c,

z—0+

which, according to the choice of ¢, implies that

lim (o™ (z) —¥(z)) = oco. O

z—0t

Proof of Theorem 3.3. Recall that p € ®, ¢p € &\ ®3, 1 is convex on (0, 00)
and li_>m ((z) — () = oco.
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By Lemma 4.1 we have

G, = limint 2 _ 7@
xr— 00 €T xr—r00 xr

a, = lim inf _(sc) = lim v (@)
T—00 X xr— 00 s

Let A > 0 be such that

inf (p(x) — (x)) >0,

z>A

then p(x) > 1 (x) for every z € (A, o00) and

a, = liminf ﬁ > lim inf M
T —00 X T —00 X

= TUyp.
The proof proceeds with separate consideration of several cases:
Case 1: Uy > Q.
Let a1, as € R be such that
Gy > a1 > ag > Ay

We choose A < Aj such that
" (z) P(z)
x

> a1 >ap> =, x € (Aq,00).

Hence, ¢**(x) — ¢ (z) > (a1 — a2)x, x € (A1,00), and

lim (o™ (z) — ¢(z)) = co.

T—00
Thus Case 1 is settled.
Case 2: a, = a,. This case is split into three subcases.
Case 2.1: p € ®3. We make the following observations:
e Lemma 3.2 implies that p** € Ps.

e ) € $5 and since ¥ is convex, we have

liminf (¢(z) — Gyz) = lim (Y(z) — Gyz) = —0.

T— 00 Tr— 00

We claim that
alcr>1f0 (@™ (z) — @pz) > —o0. (5.2)

Indeed, let us choose the real numbers b, Ay, ag and by in the following way:
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— b is such that
llmn_1>£f<g0 (z) —Apz) > b;
— Ag > 0 is such that

$i>n£2 (¢**(z) — Qpz) > b;

— ap and by are such that (ag,bg) € M, and therefore

apx + by < p** (), x € (0,00).
We have
;I;f(; (™" (z) —apz) = mm{oégagfA2 ©** () — Apz); m1>n£2 (9™ (z) — a@x)}

S mi . PSRy _
> 11r1111{0<1xlr2fAz (aox + bg awr:), b} > —00

and claim (5.2) is proved. Now,

lim inf (o** (z) — ¥(z)) = lim inf((go**(x) — Gyx) + (Gyz — w(x)))

xr—r0o0 Tr—r0o0
> inf (97 () = Gpr) + liminf(@ye — $(2))
= inf (o™ () — Gya) + lim (@2 — P(2)) = o

Case 2.1 is settled.
Case 2.2: ¢ € &9 and Case 2.3: ¢ € Py.

Let ¢ € R, A > 0 satisfy ian(go(sc) — ¢(x)) > ¢, and ag, by be such that
>

(ap,bo) € M. In the present cases, the assumptions imply that ¢ € ®5 (¢ € 1)
and @, > ag. So, Gy = @y, > ag, Y € P (¢ € ®1), and by Lemma 4.3,

mll)nolo(w(x) — apx) = 0.

Let A1 > A be such that

xi>11Af1 (¥(x) + ¢ — (apz + by)) > 0.

Since ¢ € ®5 (¢ € 1) is a convex function, we have
Y(x7) <Y (2h) < ay, x > 0.
For a fixed 2’ and co > x > 2’ > 0 we have

V) @) o Y @) o

Tz —x T tsa— t—=x
Y(z)  P(x) N
e lim = o gy YO TY@) e <y
T—00 1 — T—00 ! —x T—00
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therefore
lim ¢'(x7) =ay. (5.3)

Tr— 00

Let Ay > A; be such that

inf o' (x~ .
m1>nA2w(:c ) > ag

We claim that there exists As > As such that
V(7)) (A —x) +(x) + ¢ < agA + bo, x> As. (5.4)

The arguments for the proof of this claim in Case 2.2 and Case 2.3 are different.
In Case 2.2 we have a,, < oo, and Corollary 4.3 applied to ¢ imply

lim ((x) — o/ (z7)) = —oo.

Tr—r

Therefore by (5.3) we obtain

lim (¢'(z7)(A —z) +9(x) + ¢) = —0

Tr—r 00

On the other hand, in Case 2.3 we have lim ¢/'(z~) = a, = oo and

P (@7)(A = z) +1p(x) + e <P(x7)(2A —2) +P(z) + e~ (z7)A
SYRA) +e—y¢(zT)A,
since ¥’ (z7)(t — x) + ¥(x) < ¢(t) for x, t > 0. Hence,

lim (v (¢ )(A — ) +(x) + ¢) = 0.

Tr—r 00

Thus (5.4) is proved and let Az > Ay be such that (5.4) is fulfilled. For x; > Ag
we set

a; =9 (z7), b1 =—¢ (x7)z1 +Y(x1) +c.
Note that a; > ag. Then

a1z + by <Y(x)+e¢, Vre (0,00),
a1z + by = Y(x1) + ¢ > apx1 + bo,
a1 A + by <a0A+bo.

We choose z2 € (A, z1] so that
a1x2 + by = agra + bo,

and define a function 1; :(0,00) — R as follows:

apx + by, r € (0,22],
w(:c) =< a1x+ bl, T € (.CCQ,.CCl] ,
Y(z) +c € (x1,00).
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Notice that ¢ is convex on (0,00), because it is continuous, ag < a; < ¢'(z7)
and 1 + ¢ is convex on (z1,00). Moreover, 1h(z) < ¢(z) for every z € (0,00).
Therefore, ¥(z) < ¢**(z), z € (0,00).

Thus for = > 1 we have ¥(z) + ¢ < ¢*™*(z) and

: : kK _ > .
lim inf (o™ (2) — 9(2)) > c
It follows from our choice of ¢ that

lim (¢**(z) — ¢(z)) = oo. O

Tr—r 00

6. APPLICATION

In this section we apply Theorems 3.1, 3.2 and 3.3 to the theory of spaces
H,(G) and H,,(G).

We make use of the following notation:

Mf(y)= sup |f(z+iy)l,

x€(—00,00)
vi(y) =ImMf(y), Vy>0,feA(p),

where f is a holomorphic function defined on the upper half plane G.
Note that
1 — inf _
o fllo= inf(eu(y) —vs(y)

Here we reformulate our results from [6].
Theorem A. [6, Th. 1.2] If ¢ satisfies condition (1.1"), then
H,(G) #{0} &= ¢pc®,
where v = e™¥.
Theorem B. [6, Th. 1.3] If ¢ satisfies condition (1.1'), then

e €,
@(0%) = oo,

Hy, (G) #{0} —
where v = e™ .
Theorem C [6, Th. 1.4] If ¢ satisfies condition (1.1") and H,,(G) # {0}, then
Yy e ®\ @3 for every fe H,, (G)\ {0},

where v = e~ ¥.

Note that 9 is convex on (0,00) and ¢y € ®, Vf € H,(G) \ {0}.

In this section we prove two new theorems.
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Theorem 6.1. If ¢ satisfies condition (1.1') and ¢ € ®, then
(Ho (@) ]+ o) = (Hu(G) Il - llw) »
where v =€"% and w = e~ ¥ .
Proof. Let v=e¢"%¢ and w = e~ ¥ . The following implications hold:
o p > = ** satisfies condition (1.1");
e ped = ¢ € &, because M« = M, # .

Thus, H,(G) # {0} and H,,(G) # {0}, by Theorem A. Moreover, H,(G) D H,(G),
because || f ||o<|| f ||w< o0, Vf € Hy(G).

Note that for every f € H,(G) # {0} the function ¢y = In M f is convex on
(0,00) and ¢ ¢ € ®. Therefore, by Theorem 3.1,

inf (p(z) —r(2) = inf (9™(2) - ()

CCE(O,OO) CL’E(0,00)

Thus f € Hy(G) # {0} and || f [lo=] [ [leo- U

Theorem 6.2. If o satisfies condition (1.1'), p € ® and p(0") = oo, then
(Huo (G), 1| llo) = (Huwo (G), [l - )

where v =e"% and w =e"¥ .
Proof. Let v=e¢"%¢ and w = e~ ¥ . The following implications hold:
o v > " = ™ satisfies condition (1.1");
e pe® = " € P, since My~ =M, #0;
o **(07) = ¢(0") = 0o, by Lemma 4.1 (1).

By Theorem B, H,,(G) # {0} and H,,(G) # {0}. Moreover, H,,(G) D H,,(G),
because of
0 <o)l f(z +ay)| < wliy)|f(z +iy)l
for every f € Hy,(G) and = € (—00, ), y € (0;00).
By Theorem 6.1, || f [[v=|| f ||w for every f € H,,(G) # {0}.

We have to prove that f € H,,(G) # {0} for every f € H,,(G) # {0}. Let
f € Hy,(G) # {0}. In view of the definition of H,,(G),

lim sup v(z)|f(2)] =0,
fim sup (2)11(2)
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where I C G and K is compact. So,
lim v(iy)M f(y) =0, lim v(iy)M f(y) =0,
y—0t Yy—o0

and after reformulation,

lim (p(y) = 5(y)) =00, lim (o(y) —vs(y)) = 0.

y—0+
By Theorem C, ¢y € &\ ®3. By Theorem 3.2 and Theorem 3.3 we have

Jim (0™ (y) — ¥ (y)) = oo, lim (¢**(y) — ¥(y)) = o0,

0+ Yy—0o0

N lim w(y)M f(y) =0, lim w(iy)M f(y) =0.

y—0t Yy—oo

For an arbitrary € > 0 we choose ¢ > 1 such that

sup w(iy) M f(y) <e, supw(iy)Mf(y) <e.
y<i y>c
The quantity
sup w(iy)
1<y<e
m=-“———
inf w(iy)
1<y<e
satisfies m < oo, since 9™ € ® and therefore infi,..p**(x) > —oo for every
c>1.

In view of the definition of H,,(G) there exist 1 > 0, ¢; > ¢ and a compact
1
Ki={z+iy| —m1 <z <a, —<y<a}
c1

satisfying

. . 9
sup  w(iy)|f(z +iy)| < —
r+iy€G\K1 m

Let K = {z + iy | —xlgxgxl,%gygc},then

sup  w(iy)|f(z +1y)|
z+iyeG\K

= maxc{ sup w(iy) M f(y), sup (i) MF(y), supw(i) M S () }
y<i z|>xz, y>c
1<y<e

gmax{ e, sup v(iy)m|f(z +iy)], €}§€
|z|>x1,
%Syﬁlc

and therefore f € H,,(G). O
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